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I . I NTRODUCT I ON 
T h r e e - p o i n t  f i n i t e - d i f f e r e n c e  d i s c r e t i z a t i o n  has fo rmcd the  bas is  fo r  
the  overwhe lming  major i t y  o f  n u m e r i c a l  s o l u t i o n s  o f  t h e  e q u a t i o n s  o f  f l u i d  
mechanics. For  un i fo rm meshes these  procedures  are  typ ica l ly   second-order  
a c c u r a t e  i n  t h e  mesh w i d t h  h. A decrease i n  o r d e r  o f  a c c u r a c y  r e s u l t s  f o r  
nonun i fo rm  g r ids .  A wide  va r ie t y  o f  t empora l  or marc ! I ing   in tegra t ion  schemes 
have been developed and these include expl ic i t  (one step or two  step  methods) 
o r   i m p l i c i t   p r o c e d u r e s .  For t h e   l a t t e r ,   w h i c h   g e n e r a l l y   h a v e   b e t t e r   s t a b i l -  
i t y  p r o p e r t i e s ,  t h e  p r i m a r y  a d v a n t a g e  o f  t h e  t h r e e - p o i n t  d i f f e r e n c i n g  i s  
t h a t  t h e  r e s u l t i n g  a l g e b r a i c  m a t r i x  s y s t e m  i s  o f  a b l o c k - t r i d i a g o n a l "  form; 
the re fo re ,  an e f f i c i e n t  and wel l   developed  two-pass  aigor i thm")  can be ap- 
p l i e d  t o  i n v e r t  t h e  r n a t r i x  o p e r a t o r .  
.L 
Recent ly,  a  number of  higncr-order  numericai  methods  have  teen  proposed. 
The obv ious  tx tens ion  i s  t o  f i v e - p o i n t  d i f f e r e n c i n g  w h i c h  l e a d s  t o  a f o u r t h -  
o rde r   accu ra te   sys tem.   Un fo r tuna te l y ,   f o r   imp l i c i t   i n teg ra t i on   t he   ma t r i x  
system i s  penta-d iagonal   and, therefore,   the  boundar ies  requi re   spec ia l   cons idera-  
t i o n .   I n   a d d i t i o n ,   t h e   t r u n c a t i o n   e r r o r  i s  cons iderably   larger   than  that   found 
w i t h  t h e  S p l i n e  and  Hermi t e  methods t o  be discussed.  Graves")  has  proposed a 
f i v e - p o i n t   p a r t i a l   i m p l i c i t   p r o c e d u r e   t h a t   s i m p l i f i e s   t h e   i n v e r s i o n   p r o c e s s ;  
a l though  th is   method i s  i n c o n s i s t e n t   i n   t h e   t r a r l s i e n t  i t  can  be u s e f u l   f o r   t i m e  
asympto t i c  so lu t i ons .  
A second c lass of  co l locat ion procedures which are a lso four th-order  accu-  
r a t e  f o r  u n i f o r m  meshes and wh ich  re ta in  a 2x2 b lock - t r i d iagona l  f o rm fo r  the 
governing  matr ix  system  have  recent ly been proposed.  These  Hermite  or  Spl ine 
c o l l o c a t i o n  t e c h n i q u e s  t r e a t  b o t h  t h e  f u n c t i o n a l  v a l u e s  and c e r t a i n  d e r i v a t i v e s  
as unknown a t   t h e   t h r e e   c o l l o c a t i o n   p o i n t s .  These p rocedures   genera l l y   resu l t  
i n  a  somewhat l ower  t runca t ion  e r ro r  t han  tha t  f ound  w i th  a f i v e - p o i n t  f u n c -  
t i o n a l  d i s c r e t i z a t i o n  and can be de r i ved  from appropr ia te  Tay lo r  ser ies  ex-  
pansions  (Hermite) o r  p o l y n o m i a l   i n t e r p o l a t i o n   ( S p l i n e ) .  I n  the  former  category 
*The b l o c k s  a r e  2 x 2  f o r  t h e  f o u r t h - o r d e r  methods  and  3x3 f o r  t h e  s i x t h - o r d e r  
~ ~ ~~ 
methods. 
we have the Pade a p p r o x i m a t i o n   o f   K r e i s ~ ' ~ )   o r   s o - c a l l e d  cornpact scheme , 
the  Mehrs te l l ung (5 )  fo rmu la t i on  and  Herm i t i an  f i n i t e -d i f f e rence  deve lopmen t  
o f   P e t e r s  ( 6 )  I n   t h e   l a t t e r   g r o u p   a r e   t h e   s p l i n e   c o l l o c a t i o n  methods  de- 
scribed  by  Rubin  and Graves")  and  Rubin  and  Khosla(8). I n   a d d i t i o n ,  a 
sp l ine-on-sp l ine  techniques i -s shown t o  r e s u l t  f r o m  a h y b r i d  f o r m u l a t i o n .  
(4) 
The purpose o f   t he   p resen t   ana lys i s  i s  1) t o  c l a r i f y  t h e  r e l a t i o n s h i p  
between  the  various  Hermite  developments, 2) t o   p o i n t   o u t  an apparent   in -  
c o n s i s t e n c y   i n   t h e   P e t e r s '   f o r m u l a t i o n ,  3) t o   d e r i v e   t h e   H e r m i t e   t r i d i a g o n a l  
system f o r  a nonuni form mesh, s ince  a1 1 prev ious developments are for  un i form 
meshes, 4) t o   ex tend   t he   Herm i te   ph i l osophy   i n   o rde r   t o   deve lop  a v a r i a b l e  
mesh s i x th -o rde r   t r i d iagona l   p rocedure ,  5) t o   b r i e f l y   r e v i e w   t h e   s p l i n e  
i n t e r p o l a t i o n  me thod ,  deve lop  th i s  co l l oca t i on  p rocedure  fo r  seve ra l  new 
po lynomia l   f o rms   resu l t i ng   i n   b lock - t r i d iagona l   sys tems  and to   demonst ra te  
t h a t ,  i n  f a c t ,  a l l  o f  t he  resu l t s  ob ta ined  by  the  Herm i te  Tay lo r  se r ies  de- 
velopment  can be recove red  by  approp r ia te  sp l i ne  po lynomia l  i n te rpo la t i on .  
Comparat ive so lut ions are presented for  the boundary layer  on a f l a t  p l a t e ,  
boundary  layers  w i th  un i fo rm and v a r i a b l e  mass t r a n s f e r ,  t h e  n o n l i n e a r  
Burgers  equation,  and t h e  viscous  incompressible  Navier-Stokes  equat ions de- 
s c r i b i n g   t h e   f l o w   i n  a d r i v e n   c a v i t y .   F i n a l l y ,  6 )  t he   po l ynomia l   i n te rpo la -  
t i o n  p r o c e d u r e  i s  used to  deve lop  h ighe r -o rde r  tempora l  i n teg ra t i on  schemes. 
S o l u t i o n s  a r e  o b t a i n e d  f o r  t h e  d i f f u s i o n  e q u a t i o n  d e s c r i b i n g  t h e  i m p u l s i v e  
mot ion  of  a f l a t  p l a t e  ( R a y l e i g h  p r o b l e m ) .  
2 
r 
I I .  POLYNOMIAL SPLINE  INTERPOLATION 
Consider a mesh w i t h   n o d a l   p o i n t s  x such t h a t  
j 
Def ine   the  mesh w i d t h  h = x - x w i t h  cr = o=hj+l/hj 
t i o n   u ( x )  such t h a t   a t   t h e  mesh p o i n t s  x we s p e c i f y  U ( X  
purposes of  the present  analys is  we de f ine  the  po lynomia l  
S(n,k),  such  that a t  t h e  mesh p o i n t s  x :  we p r e s c r i b e  S(x: 
j j j - 1 '  j 
j '  
i d e r  a func- 
. For the 
S(x.;n,k) E 
u S(n,k) 
J 
J J j '  
i s  an nth  order   po lynomia l   def ined on  any i n t e r v a l  [ j-l,j] and i n  t h e  s e t  
Cn- k 
are  cons ide r ing  an n th  o rder  po lynomia l  hav ing  n-k  cont inuous  der iva t ives  on 
[a, b l  . 
[a,b]; k i s  d e f i n e d  as the   de f i c iency   o f   t he   po l ynomia l   sp l i ne ;   i . e . ,  we 
The so -ca l l ed   s imp le   sp l i ne " )  has d e f i c i e n c y   k = l .  The f a m i l i a r   c u b i c  
s p l i n e  i s  a cub ic   po lynomia l   o f   de f ic iency   one or S ( 3 , l ) .  For a  more d e t a i l e d  
d i s c u s s i o n  o f  t h e  p r o p e r t i e s  o f  p o l y n o m i a l  s p l i n e s  see, f o r  example,  Reference 
(1) .  
Cubic  spl ines  have been w i d e l y  used f o r  c u r v e  f i t t i n g  and i n t e r p o l a t i o n  
purposes,  but  on ' ly  recent ly  has s p l i n e  c o l l o c a t i o n  been adapted for  the numer i -  
c a l  s o l u t i o n  o f  ~ r d i n a r y ( ~ - l ~ )  and p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  (7,8,11) 
These procedures have  been a p p l i e d  t o  t h e  e q u a t i o n s  o f  f l u i d  mechanics  by  Rubin 
and  Graves(- / )   and  Rubin  and  I<hosla(8).   In  these  papers  the  spl ine  col locat ion 
technique i s  d e s c r i b e d  f o r  t h e  b a s i c  c u b i c  s p l i n e  S(3 , l )  as w e l l  as  a h igher-  
o r d e r  a c c u r a t e  q u i n t i c  s p l i n e  o f  d e f i c i e n c y  t h r e e  S(5,3). The former has  been 
termed s p l i n e  2 and t h e   l a t t e r   s p l i n e  4. I n   a d d i t i o n ,   i n   R e f e r e n c e  (8 )  i t  i s '  
shown t h a t  t h e  b a s i c  t h r e e - p o i n t  f i n i t e - d i f f e r e n c e  d i s c r e t i z a t i o n  f o r m u l a e  can 
be obta ined by c o n s i d e r i n g  t h e  q u a d r a t i c  s p l i n e  o f  z e r o  d e f i c i e n c y ,  i . e . ,  S(2,O). 
The genera l   sp l i ne   i n te rpo la t i on   p rocedure   o f   Re fe rences  (7) and (8) can be 
summarized  as f o l l o w s :  an  nth  order  polynomial i s   s p e c i f i e d  on   the   in te rva l  
[j-l,jl. The n+ l   cons tan ts   a re   re la ted   t o   t he   f unc t i ona l   va lues   u j - l ,  u as 
w e l l  as c e r t a i n  s p l i n e  d e r i v a t i v e s  m j -19 m j 9  Mj-1, M m M .  are  t he  sp l  i n e  
j '  
j' j '  J 
3 
. Cons 
j )  = u 
j 
s p l  i ne 
;n,k) = 
der iva t ive  approx imat ions  to  the  func t iona l  der iva t ives  u '  (x . ) ,  u " (x . )  respec-  
t i v e l y .  A s i m i l a r   p r o c e d u r e   i s   c o n s i d e r e d   o n   t h e   i n t e r v a l  [ j , j + l ] .  C o n t i n u i t y  
of  d e r i v a t i v e s   i s   t h e n   s p e c i f i e d   a t  x T h i s   p r o c e s s   r e s u l t s   i n  two  coupled 
equa t ions  fo r  mj , Mj  , j = l  , . . . . , N. Boundary  cond i t ions  are  requ i red  a t  j = O  
and j = N + l .  The system i s  c l o s e d   b y   t h e   g o v e r n i n g   d i f f e r e n t i a l   e q u a t i o n   f o r  
~ ( x . ) ,  where a l l  d e r i v a t i v e s  a r e  r e p l a c e d  b y  t h e i r  s p l i n e  p o l y n o m i a l  a p p r o x i -  
rnations m M The d e t a i l s   o f   t h i s   p r o c e d u r e   f o r   s p l i n e  1 ,  2, 4 a r e   g i v e n   i n  
References (7) and (8) where a v a r i e t y  o f  e x p l i c i t ,  imp1 i c i  t, two-step,  re laxa-  
t i o n  and AD1 methods are explored.  
J J 
j'  
J 
j '  j '  
This  sp l ine procedure can be a p p l i e d  t o  o t h e r  PO 
and d e f i c i e n c i e s  and thereby a v a r i e t y  o f  systems  can 
equat ions  o f  f lu id  mechan ics  a re  second-order  we r e s t  
l y n o m i a l s  o f  o t h e r  o r d e r s  
be der ived.  Since  the 
r i c t  o u r  a t t e n t i o n  t o  
p o l y n o m i a l  s p l i n e s  d e f i n e d  s o l e l y  by the  func t i ona l  va lues  and t h e  s p l i n e  f i r s t  
and  sgcond de r i va t i ves   a t   t he   noda l   po in ts .   I n   add i t i on ,   on l y   t hose   po l ynomia l  
s p l i n e s  r e s u l t i n g  i n  a t  most  3x3 b l o c k - t r i d i a g o n a l  m a t r i x  systems  are  considered. 
I n  t h i s  r e g a r d ,  i n  a d d i t i o n  t o  s p l i n e s  1 ,  2 and 4 ,  i .e.,  S(2,0), S ( 3 , 1 ) ,  S(5,3),  
which have prev ious ly  been descr ibed,  the  equat ions  govern ing  the  sp l ine  der iva-  
t i v e s  m M. f o r  S(4,O) and S ( 5 , l )  have  been evaluated: All o f   the   govern ing  
systems fo r   t he   va r ious   p rocedures   a re  now s p e c i f i e d .  The sp l ine   po lynomia l  
on [ j - l , j ]  i s  a lso   d iscussed.   Cons ider   the   po lynomia l   sp l ine  on [ j - l , j ]  
j y  J 
a t  t h e  nodes s p e c i f y  
4 
r 
.In addition we require some or a l l  o f  the  following  conditions: 
S a  (x.;n,k) = m  
J j 
S"(X~-~; n,k) = Mj- ,  
where rn M .  are  the spline derivative  approximations of u ' ( x ) ,  ul'(x), re- 
spectively. The interior  point  spline  equations are as follows: 
j '  J 
. I .  S ( 2 , O )  or Spline 1 - Conditions (2) and either (3a) or ( 3 b )  are  "- 
specified  for  the  constants Ai in ( 1 ) .  
S (x ;2 ,0 )  = u.t + u (1-t) + (u j  - uj-l + h.m.1 t(1-t), 
J j -1 J J  
where 
t = (x-x j - 1  )/hj . 
2. """" S(3,1) or  Spline 2 and S ( 5 , 3 )  or Spline 4 - Conditions (2) and 
either ( 3 )  or ( 4 )  determine the constants Ai for S ( 3 , l ) .  For s(5,3)  we require 
5 
(2) and (3), b u t  i n  l i e u  of ( 4 )  , and i n  o r d e r  to  increase  the  accuracy of t h e  
sp l i ne  second-de r i va t i ve  approx ima t ion ,  we s p e c i f y  
where 
I n  t h i s  f o r m u l a t i o n  S ( 3 , l )  i s  r e c o v e r e d  f r o m  S ( 5 , 3 )  when A = 0 so t h a t  M.=K . 
J j  
The po lynomia l   sp l i ne   i s   g i ven   by  
s(X;5,3) = Kj- l  ( 1 - t )  3 2  hj/6 + ~ . t ~  ~ . / G + ( U ~ - ~  2 - Kj-l hj2/6) ( 1 - t )  
J J  
+ ( u j  - K .  h. /6)  t + G  t3 ( 1 - t )  /2 + Gj - l  t 2 ( l - d 3 / 2  2  2 
j 
(7a) 
J _ I  
Recal l   that   S(x  * 5,3) + S(x  3 , l )   as A + 0. I n   a d d i t i o n ,  we have for  
both  po lynomia l   approx imat ions 
j ’  j ’  
+ u j - 1  ) /h f  
rn = h.  (K. + 0.5Kj-1)/3 + ( u j  - ) / h j  
j J J  j - 1  
6 
and 
Combining (7c) and  (7d) we o b t a i n  
- u u j y l  ) / h j  
As shown i n  References  (7)   the  re la t ions  (7c) ,   (7d)   are  genera l ly   preferable 
t o  (7e)  as  they  provide 6 d i r e c t   e v a l u a t i o n   o f  m and, t he re fo re ,  m can  be 
e l i m i n a t e d   i n   f a v o r   o f  K u A lso   fo r   nonun i fo rm meshes where  (7c),  (7d) 
and  (7e) f o r  m a r e   t h i r d - o r d e r   a c c u r a t e   s p l i n e   r e p r e s e n t a t i o n s   o f   u ' ( x ) ,   t h e  
t r u n c a t i o n   e r r o r   i s   i n c r e a s e d  i f  (7e) i s  app l i ed .   Fo r   sp l i ne  2 the  govern ing 
m a t r i x   s y s t e m   i s   t r i d i a g o n a l   f o r  M For s p l i n e  11 a 2x2 b lock - t r i d iagona l   sys -  
tern r e s u l   t s .  
j j 
j' j' 
j 
j' 
3. S ( 4 , O )  - The Ai i n  ( 1 )  a re   eva lua ted   f rom (2) and e i t h e r  ( 3 )  and 
(4b) or  ( 4 )  and (3b).  Two d i s t i n c t   p o l y n o m i a l   s p l i n e s   a r e   g e n e r a t e d .  We 
designate  the  former  as S ( 4 , O )  a n d   t h e   l a t t e r   a s  S ( 4 , O ) .  The po lynomia l   sp l ines  
i n  each  case  have  been  obtained.  The  important  spl ine  equations  generated  from 
1 2 
these polynomia ls  are now presented. 
A :  S ' ( 4 , O )  
.Y 
hfM 
s'(~;4,0) = u ~ - ~  + h.m t + [6(u.-u )-3h.(rn.+m + -$4 t2 
J j-1 J j - 1  J J j - 1  
7 
21n.+rn.+~ 2 m . + l  a2-l - 0+2 = -  + '  ("+- 
12 j m - a m  1 3hj+1 12(1+u)hj+l 0 U j j - 1  
u .+l -u. 
hj + I  
+ 2  
1 +20 
120 j 3hj 12 ( l+u )h  0 mj - am j - 1  1 
2m .+m . m 
- M  = J - 1  + 1 (+ + u2-1 
j 
- -j j - 1  u -u  
h2 
j 
The continuity o f  1.1 leads to 
j 
.B : S 2  (4,O) 
2 
h .  2 s (x; 4 , O )  = u + [2(u.-u ) - h.m. + 2 (M.-M ) ]  t j - 1  J j - 1  J J  J j - 1  
h2 h .  2
+ $- Mj- l  t 2 - [ ~ ( U ~ - U ~ - ~ )  - 2h 
j "'j + +- (M~+M~-,)I t3 
2M.+M.-1 
+ [(u.-u - h m + ' h .  1 t 
J j - 1  j j  6 J 
4 
u .-u. h - 1  + 1 [1+.4a 1 m = J  J 1 +2a 1 j h  12 M j  - a(l+a) Mj+l 1+0 Mj-l + -  j 
8 
The c o q t i n u i t y  of m leads t o  
j 
2 3 2  2 a +a-1 CJ +40 +h+l M. + l+a-a 12 + 
12a Mj+l 12a J j - 1  
I t  i s  s i g n i f i c a n t  t h a t  f o r  a l l  o f  t h e  p o l y n o m i a l  s p l i n e s  c o n s i d e r e d  t h u s  f a r  
the  govern ing  system  consis ts  of  a t r i d i a g o n a l  f o r m  for m or (M.)  and a p a i r  
o f   a l g e b r a i c   r e l a t i o n s   f o r   t h e   o t h e r   s p l i n e  derivative M (or m . ) .  Therefore, 
a t  most a 2x2 b l o c k - t r i d i a g o n a l   s y s t e m   r e s u l t s .  We s h a l l  now consider   the 
s i m p l e   q u i n t i c   s p l i n e  S ( 5 , l ) .  For t h e  f i r s t  t i n e  t h e  g o v e r n i n g  i n t e r i o r  p o i n t  
system enlarges to  a 3x3 b l o c k - t r i d i a g o n a l  i n  t e r m s  o f  b o t h  o f  t h e  s p l i n e  de- 
r i v a t i v e s  m and M The s imp ler   a lgebra ic   re la t ions   no   longer   appear  and, 
t h e r e f o r e ,  t h e  f i n a l  m a t r i x  s y s t e m  w i  1 1  be somewhat more  complex. On the  
o t h e r  hand,   increased  order   o f   accuracy  is   ach ieved.  
j J 
j J 
j j '  
4 .  S ( 5 , l )  - The s i x  A i  i n  ( 1 )  a r e   e v a l u a t e d   w i t h   a l l   o f   t h e  
c o n d i t i o n s   ( 2 - 4 ) .   C o n t i n u i t y   o f   t h e   t h i r d  and f o u r t h   d e r i v a t i v e   l e a d s   t o   t h e  
f o l l o w i n g  i n t e r i o r  p o i n t  e q u a t i o n s :  
" 
h L  
S ( x ; 5 , 1 )  = uj-l + h j  mj- l  t + 
Mj- l  
t 
2 
- [15(u.-u ) - h.(7m.+8m ) + 2 (2M.-3Mj-l)] . 4  t 
J j - 1  J J j - 1  J 
h. 2 
+ [ h ( ~ ~ - u ~ - ~ )  - 3h.(m.+m ) + ( M j - M j - l ) l  t5 
J J j - 1  
9 
+ uhj  (Mj+l + 3 (u 2 -1)  M j  - u 2 ,  Mj-l 
and 
1 4 2 u -1 + 6 -  
j u  U 
+ - [- 3 mj+l m + 4mj-11 h 2 j  
f i  Other  polynomial   spl ines  can be considered,   however ,   for   po lynomia ls   o f  f t h  
or lower 'o rder ,  the  sp l ine  fo rmula t ions  presented  here in  appear  to  be the most 
e f f i c i e n t ,   F o r   h i g h e r - o r d e r   s p l i n e s ,  we r e q u i r e   t h a t   t h e   t h i r d  or  h ighe r -o rde r  
s p l i n e   d e r i v a t i v e s  be s p e c i f i e d   i n   t h e   e v a l u a t i o n   o f   t h e  A i n  (1).  These 
fo rmu la t i ons  a re  no t  d i scussed  he re ,  a l t hough  the  t r i d iagona l  s i x th -o rde r  ac -  
cura te   sys tem  fo r  M der ivab le   f rom S ( 6 , O )  i s  p r e s e n t e d   l a t e r   i n   t h i s   r e p o r t .  
i 
j 
For  the   po lynomia l   sp l ine   fo rmula t ions   p resented   here ,   the   t runcat ion   e r ro rs  
T ( h . )   f o r   t h e   v a r i o u s   s p l i n e   d e r i v a t i v e s  m and M a r e   d e p i c t e d   i n   T a b l e  1 .  We 
r e c a l l   t h a t  
J j j 
M. = u ' ' (x . )  + T(h.1 
J J J 
For c o m p l e t e n e s s  t h e  t r u n c a t i o n  e r r o r s  T ( h . )  a r e  a l s o  g i v e n  f o r  t h e  f i v e  p o i n t  
f i n i t e - d i f f e r e n c e  d i s c r e t i z a t i o n  w i t h  a un i fo rm  g r id .   Note   tha t   a l though 
these er ro rs  a re  four th -order ,  they  are  somewhat la rger  than those ob ta ined 
w i t h  any o f  t h e  f o u r t h - o r d e r  p o l y n o m i a l  s p l i n e  f o r m u l a t i o n s .  
J 
For u=1 t he  minimum t r u n c a t i o n  e r r o r s  o f  t h e  f o u r t h - o r d e r  methods a r e  ob- 
t a i n e d   w i t h  S ( 5 , 3 )  and S (4 ,O) .  S (4,O) and S (4,O) r e t a i n   f o u r t h - o r d e r   a c c u r a c y   f o r  1 1 2 
10 
TABLE 1 
TRUNCATION ERROR OF S P L I N E   D E R I V A T I V E S  
U n i f o r m  Mesh ( ~ 1 )  N o n u n i f o r m  Mesh 
m 
j 
m 
j 
M 
j 
2 3 (u"' h2 i v  12 (u I j  
l+a 3 h' 
l+u 12 
- 
h4 
(UVi l+u ) (a-1) (u") 2 
j 
Same as ( 3 , l )  
+ h  
4 
j 
h3 2 
o(a-1) i_ 3+5u+3a 
2 120 l+a+a 
4 2 ah 4 a -u +1 j 
2 120 
+ 
(3 +a+l 
gJJ h4 (uv i ) j  
TABLE I (Concluded) 
Un 
m 
j 
i form Mesh (u=1) 
M 
j 
Non un 
m 
j 
i form Mesh 
M 
j 
~ ( U . + ~ - U . - , )  - (U.+2-Uj-1) 
5 - p t .   F in i   t e -D i f f e rence :  u =  
X 12h u= 1 
1 6 ( u . + , + ~ . - ~  
u =  -2 
xx 1 2h2 
Hermite 6: a= l  ; m = u + h 6 ( ~ ' ~ ~ ) ~ / 9 4 5 0  ; M. = u + h6(uViii)j/66360. 
j x  J XX 
$:This i s  obtained  from  (7c)  or  (7d). I f  evaluated  from  (7c) 24 in  the  denominator changes to  
72. 
m even w i t h  a v a r i a b l e  mesh. The o ther   four th -order   po lynomia l   sp l ines   lead  
to t h i   r d - o r d e r   a c c u r a t e   f o r m u l a s   f o r  m w i t h  cs # 1 .  S ( 5 , l )  i s  s i x t h - o r d e r  f o r  
m w i t h  o=l and f i f t h  o r d e r  w i t h  o #  1 .  M .  i s   f o u r t h - o r d e r   i n   b o t h  cases. A 
s i x t h   o r d e r   f o r m u l a t i o n   f o r  M i s   d i s c u s s e d   l a t e r   i n   t h i s   p a p e r .  From Table I 
we see t h a t  even w i t h  h=1.0 t h e r e  i s  a s i g n i f i c a n t  r e d u c t i o n  i n  t r u n c a t i o n  
e r r o r  w i t h  t h e  h i g h e r - o r d e r  methods. Th is  i s  due to   smal le r   numer ica l   coe f -  
f i c i e n t s  i n  t h e  e r r o r  terms. 
j 
j J 
j 
j 
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1 1 1 .  TAYLOR SERIES FORMULATION - 
HERMITE  COLLOCATION 
1. Compact Formu1.ation - As d iscussed  p rev ious ly ,   h igher -order  
f i n i t e - d i f f e r e n c e  e q u a t i o r l s  can  be  der ived  f rom  Taylor   ser ies  expansions.  For 
a un i fo rm g r id ,  f ou r th -o rde r  accu racy  i s  ach ieved  w i th  a f i v e  p o i n t  e x p a n s i o n  
formula.  The r e s u l t i n g   s y s t e m   i s   p e n t a - d i a g o n a l   w i t h   i m p l i c i t   i n t e g r a t i o n  
procedures.   Recent ly,   Orszag  and  Israel i (3)   have  reported  an  idea due t o  
K r e i s s  i n  w h i c h  a compact (4 )  or Pad; approx imat ion  t ransforms  the  penta-  
d i a g o n a l  s y s t e m  f o r  t h e  f u n c t i o n a l  v a l u e s  a t  t h e  nodes t o  a 3x3 b l o c k - t r i d i a g o n a l  
system f o r  t h e  f u n c t i o n a l  v a l u e s  and t h e i r  d e r i v a t i v e s  a t  t h e  nodes. 
I t  has  been  observed(3)  that   wi th 
D+u = ( ~ ~ + ~ - u . ) / h ~ + ~  , D i j  = (u.-u ) / h j  , 
j J J j - 1  (1 l a )  
D 0 uj = ~ ( U ~ + ~ / U  - (1+0) u./u + u ) / ( ( l + a ) h j )  2 , 
J j -1 (1  1b) 
D u = (u.  /u + (a2-1)  u./a - ~ u ~ - ~ ) / ( l + u ) h ~ )  , -L 
j J+l J (1 IC) 
for a uniform mesh, the fiveApoint difference  discretization is Of  the form 
h2 + - = (1 - - D D ( U j + ~ - ~ j - l  /2h 
j 6 
The t r u n c a t i o n   e r r o r s   a r e   g i v e n   i n   T a b l e  I .  These  expressions  can  be  re- 
w r i t t e n  w i t h  a Pad6 or compact approximation such that 
14  
( ~ ~ + ~ - u . - ~ ) / 2 h  
1 + - D  D- h2 + 6 
m =  
j 
D + D - ~  
M =  j 
j h2 + 
1 + E D  D- 
or 
(1 + -g- D D ) mj = ( U ~ + ~ - U  ) /2h h2 + - j - 1  
( l + = D D )  M = D D u  
h2 + - + -  
j j 
T h i s  r e s u l t s  i n  a f o u r t h - o r d e r  b l o c k - t r i d i a g o n a l  i n t e r i o r  p o i n t  s y s t e m  f o r  
t h e   f u n c t i o n  u and t h e   d e r i v 2 t i v e s  m M As before  the  system i s  c losed 
w i t h  t h e  d i f f e r e n t i a l  e q u a t i o n  and appropr ia te boundary condi t ions.  
j j '  j' 
The sys tern ( 1  3) has appeared i n  a  number o f   p l a c e s  and i s  termed com- 
p a c t ( 4 ) ,   M e h r s t e l l ~ n g ' ~ )  and H e r m i t i a n ( 6 )   d i f f e r e n c i n g .  The system (13) i s  
f o u r t h - o r d e r  w i t h  a  somewhat s m a l l e r  t r u n c a t i o n  e r r o r  t h a n  t h e  f i v e - p o i n t  d i f -  
ference equat ions.  
- The Equations (13) have previously been observed i n  t h e  s p l i n e  a n a l y s i s  p r e -  
sented  here in .  For a u n i f o r m  mesh, (13a) i s  e q u i v a l e n t   t o   ( 7 e )   i n   S ( 3 , l )  and 
(13b)  corresponds  to  (gd)  in S ( 4 , O ) .  The re fo re ,   t h i s  compact fo rmu la t i on  i s  
t h e   r e s u l t   o f  two d i f f e r e n t   p o l y n o m i a l   s p l i n e   f o r m u l a t i o n s   f o r  m M The 
d e r i v a t i o n   ( 1 3 )  does not   prov ide  the  s impler   express ions  (7c,7d)   or   (gb,gc)   re-  
l a t i n g   t h e   d e r i v a t i v e s  mm, M These e x p r e s s i o n s   a r e   p a r t i c u l a r l y   u s e f u l   i n  
cons ide ra t i on  o f  boundary  cond i t i ons  and i n  o r d e r  t o  e l i m i n a t e  m and, thus, 
reduce  the   s ize   o f   the   govern ing   mat r ix   sys tem.   Moreover ,   (7e)  and  (gd)  have 
been ob ta ined  fo r   nonun i fo rm meshes. An e x t e n s i o n  t o  v a r i a b l e  g r i d s  o f  t h e  com- 
pac t   f o rmu la t i on   cou ld  be q u i t e  l a b o r i o u s  and w i l l  n o t  be considered  here. On 
the  o ther  hand,  the  "compact"  formulae  (13)  can  be  derived d i r e c t l y  w i t h  a 
th ree-po in t   Hermi t ian   co1 , loca t ion   p rocedure .  I t  i s   t he   app roach   t ha t  will be 
d iscussed fu r ther .  
=F____. . . 
2 
j '  j '  
j -  
j 
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2. H e r m i t i a n   C o l l o c a t i o n  - C o n s i d e r   t h e   f i n i t e   t h r e e - p o i n t   T a y l o r  
ser ies expansions 
L e t  m = u  M = u  j x '  j xx 
A.  Hermite 1 - w i th   t he   ope ra to rs  (11)  Equations (14) can  be 
r e w r i t t e n  i n  t h e  f o r m  
m = (u. -u  ) /h j  + 
j J j - 1  
These equat ions  are  ident ica  1 
d iagona l   re la t ion   (9d)  i s  recovered.  Therefore,   Hermite 1 i s   i d e n t i c a l   t o  
S2(4,0). The t r i d iagona l   Equa t ion  (gc) represents  the  extension t o  v a r i a b l e  
meshes o f   t h e  compact formula  (13b),   s ince  (gd) -+ (13b) f o r  u = 1. S i g n i f i -  
can t ly ,  (gd)  can be d e r i v e d  w i t h  a compact ope ra to r  d i rec t l y  f rom th ree -  
p o i n t  f i n i  t e - d i f f e r e n c e  e x p a n s i o n .  The cumbersome Pad; approximat ion  which 
i s  no t  eas i l y  ex tendab le  to  nonun i fo rm meshes o r  h i g h e r  o r d e r  schemes i s  a- 
vo ided.   Th is   represents  an a l t e r n a t e   d e r i v a t i o n   o f   t h e   p o l y n o m i a l   s p l i n e  
equat ions.  
B. Hermite 2 - I f  we c o n s i d e r   f i n i t e   t h r e e - p o i n t   T a y l o r   s e r i e s  
expans i ons 
m = m - h.  u + h j   uxxx/2 - h:uxxxx/6 2 j - 1  j J xx 
16 
16a) 
16b) 
and combine with (14) to eliminate u (uxxx = D m. . we recover  the  Equa- xxxx ' 
tions (8). Therefore, Hermite 2 is  identical with S (4,Oj. The tridiagonal 
form (8d)  is a  nonuniform  mesh extension of the  ''compact" formula (13a). This 
relation i s  fourth-order accurate for  both  uniform  and  variable meshes, see 
Table 1 .  
0 
1' 
C .  Hermite 3 - I f  in (16) we eliminate uxxx and  replace u xxxx by 
DOH. we obtain 
J 
Mj +I + 2(l+u)M j + aMj-l = (3/h.) J [mj+l/a + (u2-l)m./a J - am j-1 ] (17) 
The block-tridiagonal system obtained with (8d) f r m  Hermite 2 and (17)  is 
termed Hermite 3 .  This is equivalent to what  has  been  called spline-on-splines . 
Since u is treated  differently in obtaining  the equations for m j ,  M j  this 
formulation  does not result  from  a single polynomial spline interpolation. 
( 1 )  
xxxx 
D. Hermite 4 - If we consider the block-tridiagonal system ob- 
tained  with (8d) from  Hermi  te 2 and (9d) from Hermite 1 for  mj,  Mj, respectively, 
we have  what is termed Hermite 4. Once  again  this  cannot be derived  from  a 
single polynomial spline and for u = 1 reduces to (13) or what has  been  termed 
the  Pad; or compact or Mehrstellung  formulation. 
E .  Hermite 6 - Uniform  mesh.  Consider  the finite three-point 
Taylor series expansions 
Dou = M. + - u h2 iv h4 vi 
j J 12 + mu 
D M. = uiv + - u 0 h2 vi 
J 12 
I 
D"m = M. + - u + - U h2  iv h4 vi 
~ J G  120 
Eliminating u and u we obtain IV vi 
From the finite Taylor series 
-?; h2  h4 v 
uj = mj + 7 'xxx  120 
0 h2 v 
+ -  U 
D m . = u   + - u  
J XXX 12 
-L 
D M. = uxxx + 7. uhL v 
J 
we o b t a i n  
7mj  +I + 16m + 7mj- l  - 1 5 ( ~ ~ + ~ - u ~ _ ~ ) / h  + h(Mj+l-Mj-l ) 
- 
j 
For a v a r i a b l e  mesh a s im i la r  p rocedure  app l i es  and  we o b t a i n  
14+100-100 2 + [x + 2(a-1) (8a 4 3 2  +18a +13u -7a+ l ) ]  m 
50 mj +I 50 5u j 
The b lock- t r id iagonal   system  (18a) ,   (18b)   for  M m i s  termed  Hermite 6. Th is  
i s  a s i x th -o rde r  accu ra te  fo rmu la t i on  when combined w i t h  t h e  d i f f e r e n t i a l  equa- 
t i o n  and appropr ia te  boundary  condi t ions.   S imple  re la t ionships  such as (7c) 
between m and Mi  no l o n g e r  e x i s t  and  once  again  these  formulae  are  not   der iv-  
ab le   f rom a s ing le   po l ynomia l   sp l i ne .   (18b )  i s  t he   un i fo rm mesh (u=l)  analogue 
of  t h e   f o r m   ( l o b )   f o r  m f o u n d   i n   S ( 5 , l )   f o r  a v a r i a b l e  mesh. Al though we have 
n o t  c a r r i e d  o u t  t h e  d e t a i l s ,  based on previous  exper ience, we expect  that   (18c) 
for  a nonuni form mesh i s  de r i vab le  f rom some f o r m  o f  S ( 6 , O ) .  The t r u n c a t i o n  
e r r o r s  f o r  H e r m i t e  6 (18a,18b) a r e  g i v e n  i n  T a b l e  1 .  
j '  j 
i 
j 
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Therefore,  it i s  p o s s i b l e  t o  d e r i v e  t h e  p o l y n o m i a l  s p l i l l e  r e s u l t s  o f  Sec- 
t i o n  I I  w i t h  an Hermi t ian  d iscret izat ion  procedure.   Moreover ,   hybr id   systems,  
wh ich  rep resen t  app rox ima t ions  resu l t i ng  f rom mu l t i p le  sp l i ne  fo rmu la t i ons ,  
can a l s o  be conceived. One o f  t h e s e  h y b r i d  systems i s  t h e  v a r i a b l e  mesh ex- 
t e n s i o n  o f  t h e  s o - c a l l e d  Pade or compact d i f f e r e n c i n g  scheme. The t r u n c a t i o n  
e r r o r s  f o r  a l l  p o s s i b l e  systems  can be obta ined  f rom  Table I .  F i n a l l y ,   t h e  
h y b r i d  systems r e s u l t   i n  a b l o c k - t r i d i a g o n a l   f o r m   o f  m M The s impler   re-  
l a t i o n s   r e l a t i n g  m d i r e c t l y   t o  M found i n   t h e   p o l y n o m i a l   s p l i n e   f o r m u l a t i o n s  
are  not   obta ined.   Th is   concept  has  been  extended t o  a s i x th -o rde r   sys tem  i n  
Hermite 6. Higher-order  approximations  have  not been considered. 
j '  j -  
j j 
3 .  Hermi t ian.  . . =" F _- ~ = . ~ - ~  P o l y n o m i a l - I n t e r p o l a t i o n  - - Peters  Method(6) - Recent ly,  
Peters  has presented an H e r m i t i a n  d i f f e r e n c i n g  p r o c e d u r e  f o r  u n i f o r m  meshes 
wh ich  a l so  l eads  to  the  "compact" or Hermite 4 3x3 b lock- t r id iagona l  sys tem 
f o r   u j ,  m j  and M Peters  has  then  carr ied  out  a reduct ion  process  that   ap- 
pears most a t t r a c t i v e  a s  a s ing le   sys tem  fo r  u r e s u l t s ;  however, i t  can be 
shown t h a t  t h e  r e s u l t i n g  s y s t e m  i s  i n c o n s i s t e n t  w i t h  t h e  d i f f e r e n t i a l  equa- 
t i o n  and as s u c h  r e s u l t s  i n  an a t tendant   loss   o f   accuracy .  A b r i e f  d e s c r i p t i o n  
f o l  lows. 
j '  
j 
Cons ider   the   in te rpo la t ion   po lynomia l   S(x )  on t h e   t h r e e - p o i n t   i n t e r v a l  
[ j - 1 ,  j+l]. 
as before t = (x-x.)/h. a and B are  two  f ree  parameters  which  are assumed con- 
s t a n t  on [ j - 1 ,  j+ll. 
J 
m = D*U. + a / h ,  mj+l = hDou. + D * u - 2 (a+B)/h 
j J J j 
m =-hDou. + D u - 2(a-B)/h * j - 1  J j 
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and 
= Dou. + (6a-l0B)/h 2 'j- I J 
A. Eliminating a and B from (19) we obtain 
This is precisely (l3a) or (7e). 
B. Eliminating a and B from (20) we obtain 
Mj+l j j-1 j + 10M + M = 12Dou 
This is precisely (13b) or (gd) and, therefore, with (21a)  and  (21b)  the com- 
pact or Hermite 4 discretization is recovered. 
Peters has not considered the  tridiagonal  Equations (21) but instead  has 
evaluated  the  differential  equation  under  consideration  at  the  three  points 
X j-1, xj, Xj+l' The derivative  approximations at  these points are given by 
U j-1, uj 9 Uj+l' a and B are eliminated and a single tridiagonal  system  for 
(19) and  (20). This leads  to  three equations for  the five  unknowns a, B, 
u results. 
j 
However, a and B can be determined  independently  from (19) and (20) re- 
spectively, and  these  results  effectively  imply  different  poFynomials S(x) 
leading to the  tridiagonal  system (21). When a and B are evaluated  from  Peters 
tridiagonal  equations  the  resulting  values are inconsistent  with  those  leading 
to (21a)  and  (21b). This can  be shown in the  following simple example. 
Consider the differential  equation 
u + u  = o  x xx 
Using (19) and  (20)  and evaluating (22)  at j-1,  j, j+l following Peters, we 
20 
o b t a i n  f o r  h = l  
(D +LI ) u.+  28 + a = 0 * o  
J 
(2D0+D") u - 12B - 8a = 0 
j 
D u   - 8 B + 4 a = O  
f; 
j 
From these equat ions we f i n d  
8a = - (5D"+4D0) u 
j 
S u b s t i t u t i n g  t h i s  e x p r e s s i o n  i n t o  (19) we o b t a i n  f o r  m j 
It i s  c l e a r  t h a t  we do no t  recover  even the  lead ing  te rm in  the  expans ion  fo r  
u ' ( x ) .  A s i m i l a r   r e s u l t  i s  found  for  M 
j' 
Numerical   exper iments  wi th  Burgers  equat ion 
u + (u - ux = uu 1 
t xx 
have shown th i s   i ncons is tency .   Bo th   t he   v i scos i t y  (w) and convect ion  (u  - 3.) 
c o e f f i c i e n t s   a r e   e f f e c t i v e l y   m o d i f i e d .   F o r   l a r g e   v a l u e s  o f  w t h e  e f f e c t  o f  
the  inconsis tency i s  diminished.  For  small  u values,  d iagonal  dominance o f   t h e  
r e s u l t i n g   m a t r i x   s y s t e m  i s  los t .   There fore ,  we b e l i e v e   t h a t   t h e   r e l i a b i l i t y  
of the   Peters   reduc t ion   p rocedure   i s   ques t ionab le .  
1 
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IV. EXAMPLES 
I. S i m i l a r  Boundary  Layer:  Zero Mass - Trans fe r  - A s  a f i r s t  t e s t  o f  t h e  
va r ious  po lynomia l  sp l i ne  or Hermi te  fo rmula t ions  cons idered in  the  prev ious  
sec t ions ,  so lu t ions  have been obta ined f o r  t h e  s i m i l a r i t y  e q u a t i o n s  g o v e r n i n g  
laminar  boundary  layer  behavior . ( 1  2) 
I1 I 12 
u + f u  + B ( 1 - f  ) = 0, 
I 
u = u ( l l ) ,  f = u 
P r i m e s  d e n o t e  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  n ,  where r~ = y(Re/Zx)*; Re i s  
the  Reynolds  number; y i s  measured  normal t o  t h e  s u r f a c e  and x a long the  sur -  
face. The r e s p e c t i v e   v e l o c i t i e s   a r e  v and u. We approx imate   the   der iva t ives  
u u f w i t h  m M. and m r e s p e c t i v e l y ,  so that   the  governing  Equat ions 
(23) become 
I I1 I 
j’ j ’  j ’  J j ’  
M.  + f .  m + B ( 1 - m . )  = 0 
- 2  
J ~j J 
- 
m = u  
j j  
- 
The a d d i t i o n a l   e q u a t i o n s   f o r  mj ,  M j ,  m a re   g i ven   i n   Sec t i ons  I t  and I l l  f o r  
each o f   t he   po l ynomia l   i n te rpo la t i on   p rocedures .  The systems  are  c losed  wi th  
the  boundary  cond i t ions  a t  the  sur face  y=O ( j = 1 )  and t h e  edge of  the boundary 
j 
1 ayer  y=y o r  j=N. e 
f = u  = O , U N = l  
1  1 
The add i t i ona l   boundary   cond i t i ons  on ml, m M,, MN are  obta ined  f rom  the 
Equat ions   (23 ,   24) ,   the   sp l ine   fo rmulas   typ i f ied   by  (8.b) or (8c),  o r  f rom  the 
Hermi t e  expans ions (1 4) and (1 5 ) .  The boundary condi t ions used here have 
t r u n c a t i o n  e r r o r s  t h a t  p a r a l l e l  t h o s e  f o r  t h e  i n t e r i o r  s y s t e m s  shown on Table 
I .  For s p l i n e  2  and s p l i n e  4 ,  boundary  condit ions  have been discussed i n  
g rea te r   de ta i l   i n   Re fe rences  (7, 8 ) ;  however, o n l y   t h i r d - o r d e r   c o n d i t i o n s   w e r e  
used for  t h e  s p l i n e  4 c a l c u l a t i o n s  s o  t h a t  t h e  p r e s e n t  r e s u l t s  a r e  somewhat  more 
accurate.  
N’  
The r e s u l t s  o f  t h e  p o l y n o m i a l  s p l i n e  c a l c u l a t i o n s  a r e  p r e s e n t e d  i n  Table 2 
f o r  a v a r i e t y  o f  u n i f o r m  and v a r i a b l e  meshes.  The n o t a t i o n  a=1.5/1 means t h a t  
22 
. -  
TABLE 2:. SIMILAR BOUNDARY LAYER SOLUTION : f"(0) 
6 .O 
0.1 16.078 
1.0 I .o 20.0 
I .o 0 .I 
l.5/1 
I6 -063 1.81~ 0.05 
0.469634 
0 . m 3  57 
0.464325 
0.462008 
HERMITE 4 
(CO?WCT) 
0.469600 
0.473602 
~~ 
SPLINE 4 HERh4ITE 6 ! -7
~~~~~~~ 
S(5,3) 
0.469600 0.469600. 
0.467960 0.469690 
0.470025 
I I I I I 
fa (0) 0.469600 ( ROSENHEAD'l2) ) 
6.0 
.001 9.448 
1.23242 1.21863 1.29260 1.20863 1.20612 1.0 1.0 20.0 
1.23259 1.23259 1.23258 1.23260 1.23227 1.0 0. I 
1.81, 1.23604 1.23301 I .  23299 
- 
+ 
fa  (0) = 1.23259 (ROSENHEAD (I121 ) 
W 
r4 
h. = min{h l), and t h a t  a=l.5 for h j  1 .  The remarkable  accuracy  o f  
Hermite 6 w i t h  t h e  u n i f o r m  mesh h=1.0 i s  noteworthy.  I t  i s   apparen t   t ha t  
s i g n i f i c a n t  improvements i n  accuracy are achieved by consider ing h igher-  
o rder   po lynomia l   sp l ines .  
J j' 
2. S i m i l a r  Boundary  Layer: Mass T rans fe r  - I n   o r d e r  to  c a r r y   o u t  more 
s t r i n g e n t  t e s t s  o f  t h e  p o l y n o m i a l  methods, boundary layers wi th surface mass 
t r a n s f e r   a r e   c o n s i d e r e d .   I n   t h i s   s e c t i o n ,   s i m i l a r i t y   s o l u t i o n s   c o r r e s p o n d i n g  . 
t o  mass t r a n s f e r  o f  t h e  t y p e  V % x-' a r e  e v a l u a t e d ;  i n  t h e  f o l l o w i n g  s e c t i o n ,  
u n i f o r m  i n j e c t i o n  and  suct ion i s  s p e c i f i e d ;  i . e . ,  V s  % constant  so tha t  t he  
boundary  layer  behavior i s  non -s im i la r .  The s u b s c r i p t  s denotes  the  surface 
v a l u e s .   W i t h   l a r g e   i n j e c t i o n  i t  i s   p o s s i b l e   t o   b l o w   t h e   b o u n d a r y   l a y e r   o f f  
o f  t h e  s u r f a c e ,  and w i th  l a rge  suc t i on  the  boundary  l aye r  becomes v e r y  t h i n  
and the  shear   s t resses become qui te  large.  Therefore,   these  boundary  layer 
p r o f i l e s  a r e  more d i f f i c u l t  t o  a p p r o x i m a t e  n u m e r i . c a l  l y ,  and p r o v i d e  more 
e x a c t i n g  t e s t s  o f  t h e  s p l i n e  and Hermi te  co l loca t ion  procedures .  
S 
The equat ions  govern ing  the  s imi la r  boundary  layer  w i th  mass t r a n s f e r  a r e  
(23 - 24). The o n l y  change i s  in   the   boundary   cond i t ions  (25) f o r  f so  t h a t  
now f = K, where K < 0 f o r  i n j e c t i o n  and K >' 0 f o r  s u c t i o n .  
1 '  
1 
The r e s u l t s  o f  t h e s e  c a l c u l a t i o n s  a r e  shown on Table 3 and Figures ( 1 )  
and ( 2 ) .  The f i g u r e s  show v e l o c i t y   p r o f i l e s   f o r   s u c t i o n  and i n j e c t i o n ,   r e -  
s p e c t i v e l y .  The f l a t  p l a t e  B l a s i u s  p r o f i l e  i s  a l s o  i n c l u d e d  i n  o r d e r  t o  em- 
phas ize  the  ex t reme th inn ing  o f  the  boundary  layer  w i th  suc t ion  and the  blow- 
o f f   o b t a i n e d   w i t h   i n j e c t i o n .  The po lynomia l   so lu t ions  shown on the   f i gu res  
a r e  i n  e x c e l l e n t  agreement wi th  the numer ica l ly  "exact" ' 'va1ues of  Emmons and 
Leigh(13) .  These p r o f i l e s   a r e   c o i n c i d e n t   w i t h   t h e   p o l y n o m i a l   s o l u t i o n s  ob- 
t a i n e d  w i t h  s 3 l i r e 4  o r  H e r m i t e  6 and, the re fo re ,  a re  no t  spec i f i ca l l y  i nc luded  
on  . the  f igures.  The f i n i t e - d i f f e r e n c e  r e s u l t s  a r e  n o t  as accu ra te   and   exh ib i t  
an  er roneous  overshoot   for   the  suct ion  case  (F igure 1 ) .  F o r   t h e   s u c t i o n   p r o f i l e  
on l y   two   po in ts   l i e   w i th   t he   boundary   l aye r .  More exact  comparisons  are shown 
A 
*"Exact"  here means s ix-dec imal  p lace accuracy.  
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'I 
I 
I 
TABLE 3 f"(0) - SIMILAR BOUNDARY  LAYER WITH NON-UNIFORM 
MASS TRANSFER 
h 
0. I 
0.1 
I .o 
0.1 
0.15 
0.3 
0. I 
0. I 
I .o 
0. I 
I .o 
U K 
0.5  
0.5 
0.5 
10.0 
10.0 
90.0 
-0.3 
- 0.5 
- 0.5 
- 1.2 
- 1.2 
E 0. 
0.7394 
0.7842 
07992 
7.8583 
7.6869 
5.2677 
0.2326 
0.23 17 
0.2514 
0.0041 
0.0009 
SPLINE 4 I HERMITE 6 
6.98 I7 
6.8703 
7.2 178 
0.2326 
0.232 I 
0.2253' 
0.0046 
0.0045 
I 
0.7545 '; 
I 
I 
7.0425 
0.0048 
EXACT 
0.7394 
7.1397 
0.2326 
0.0047 
NB /N 
35/81 
7/21 
3/2 I 
2/2 I 
I /21 
1/21 
48/8 I 
9/2 I 
5/21 
12/21 
9/21 
8 
7 
6 
5 
71 
4 
3 
2 
I 
0 
I I I I ~ . . I 
N=21, h =0.3, K =  IO 
61h ORDER 
SPLINE 4 ”- { 
-.- E 0. 
BLASIUS . -  
0 0.2 0.4 0.8 1.0 1.2 
U 
FIG. 1 SlMlLAR BOUNDARY LAYER WITH 
NON-UNIFORM SUCTION 
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I 
16 
14 
12 
I O  
7 
0 
6 
4 
2 
0 
I I I I 
N ~ 2 1 ,  h z l . 0 ,  K 4 .2  
-” { 61h ORDER 
SPLINE 4 
E D .  - BL ASIUS 
-.- 
0 0.2 0.4 0.6 0.8 1.0 
U 
FIG. 2 SIMILAR BOUNDARY  LAYER WITH 
NON-UNIFORM BLOWING 
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on  Table 3.  N6 denotes  the number o f  g r i d  p o i n t s  w i t h i n  t h e  boundary  layer. 
A v a r i t t y  o f  r e s u l t s  f o r  u n i f o r m  and  nonuni form  gr lds  are  presented. The 
po lynomia l  so lu t i ons  re ta in  a h igh  degree o f  accuracy  for bo th  the  h igh  
shear   suct ion and near   separa ted   in jec t ion   cases .  I t  i s   g e n e r a l l y   f o u n d  
tha t  fo r ,equa l  accuracy ,  sp l ine  4 requ i res  one-quar te r  the  number o f  mesh 
p o i n t s  r e q u i r e d  i n  f i n i t e - d i f f e r e n c e  c a l c u l a t i o n s ;  e.g., w i t h  K = 0.5, 
f (0) = 0.7394 (81 p o i n t s  w i t h  f i n i t e - d i f f e r e n c e )  and f (0) = 0.7392  (21 
p o i n t s  w i t h  s p l i n e  4 ) .  S im i la r   behav io r  i s  found  w i th   Burgers   equat ion  and 
t h e  c a v i t y  s o l u t i o n s  t o  be d iscussed  in  the  fo l l ow ing  sec t i ons .  
I I  I I  
3. Non-Similar  Boundary  Layer:  Uniform Mass " Transfe r  - Wi th   un i fo rm 
i n j e c t i o n  o r  s u c t i o n  V = constant ,  and the   f o l l ow ing   coo rd ina te   t rans fo rma-  
t i o n  i s  a p p l i e d  . (12).  
S 
5 = V s  (xRe/2)' ; n = y (Re/2x) 3 
1 
J, = (2x/Re)' f ( 5 , n ) ;  u = $y = fn 
v=  -J, = (2Rex)-' ( f  + S f [  - n f q )  
X 
The governing boundary layer equat ions become 
u + f u  + 5 ( f 5  url - uu ) = 0 n n  rl 5 
and the boundary condi t ions are,  
a t  n = O  f = + < ,  u = O ,  and 
f 
The sp l i ne  equa t ions  a re  
"The p o s i t i v e  s i g n  d e n o t e s  s u c t i o n  and the  nega t i ve  s ign  deno tes  i n jec t i on .  
V i s  p o s i t i v e   i n   b o t h  cases. 
S 
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where (f ) = ( f i j  - fi-l,, .)/AS, and w i t h  q u a s i - 1  i n e a r i z a t i o n  
5 i j '  
I t e r a t i o o  i s  used fo r  t he  non l i nea r  te rm and  the  as te r i sk  deno tes  the  va lues  
f rom  the   p rev ious   i te ra t ion .  The e q u a t i o n   f o r  m i s  t h e  same as  given  by  (24). 
Once a g a i n  t h e  s p l i n e  d e r i v a t i v e  b o u n d a r y  c o n d i t i o c s  a r e  o b t a i n e d  f r o m  t h e  
governing  Equation  (26) and t h e  d e r i v a t i v e  r e l a t i o n s  o b t a i n e d  w i t h  t h e  p o l y -  
n o m i a l   i n t e r p o l a t i o n   o f   S e c t i o n s  I I  and I l l .  
j 
For 6 > > 1, w i t h  s u c t i o n  t h e  c l a s s i c a l ( 1 2 )  a s y m p t o t i c  s u c t i o n  p r o f i l e  
will be recovered,  i .e.  
u 1 - exp ( -Vs y Re) 
Fo r  i n jec t i on ,  t he re  has  been some ques t ion (14 )  as t o  whether  the  boundary 
l a y e r  will s e p a r a t e   a t  a f i n i t e  6 l o c a t i o n .   T h i s   q u e s t i o n  will be addressed 
i n  t h e  d i s c u s s i o n  o f  r e s u l t s  w h i c h  f o l l o w s .  
The s o l u t i o n s  a r e  shown on Tables 4 and 5 and Figures ( 3 )  through ( 6 ) .  
Wi th  many  mesh p o i n t s  a l l  o f  t h e  methods, i n c l u d i n g  f i n i t e - d i f f e r e n c e ,  w o r k  
q u i t e   w e l l ,  see Figures  (3a) and (sa) .  As the mesh s i z e  i s  increased  the 
f i n i t e - d i f f e r e n c e  s o l u t i o n s  b e g i n  t o  d e v i a t e  f r o m  t h e  p o l y n o m i a l  r e s u l t s .  
Th i s  i s  shown on  Figures  (3b),   (3c)  and  (5b)  but  more d r a m a t i c a l l y  on F igures 
(4) and (6).  The sur face  shear   s t ress,  f ( E , O ) ,  o b t a i n e d   w i t h   t h e   f i n i t e -  
d i f f e r e n c e  method becomes v e r y   i n a c c u r a t e   f o r   c o a r s e  meshes. For   the   suc t ion  
c a l c u l a t i o n ,  t h e  a s y m p t o t i c  s o l u t i o n  ( 2 7 )  g i v e s  f o r  6 > > 1 
I t  
There fo re ,   a t  6 = 1.0,  f (0) 2 2 .  The s p l i n e  4 resu l t s   ve ry   c lose ly   app rox ima te  
t h i s  v a l u e ;  t h e s e  s o l u t i o n s  a r e  i n  a l l  c a s e s  more accurate  than  the  Hermite 4 
resu l t s .  Tab le  4 presents   the  shear   va lues  for   both  the  coarse and f i n e  g r i d s .  
A l so  shown i s  t h e  v e l o c i t y  one g r i d  p o i n t  away f rom  the  sur face.  The asymptot ic  
I t  
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TABLE 4: f "(0) NON-SIMILAR  BOUNDARY  LAYER 
w 
3 SUCTION 
€ 
0.09 
0.49 
0.7 9 
0.95 
1.0 
0.09 
0.49 
0.79 
0.95 
1.0 
0.09 
0.49 
0.79 
0.95 
1.0 
h 
- 
I .o 
0. I 
0. I
T E 0. T 
0.5321 
0.7776 
0.9 I85 
0.9833 
1.0022 
0.0628 
0. I253 
0.1761 
0.2038 
0.2 125 
0.0575 
0.097s 
0. I566 
0.1806 
0. I88 2 
f"(0,E') 
0.6798 
I ,0539 
I .  3270 
I .4580 
I . 4970 
0.6340 
I .SI 19 
1,8898 
2.2151 
2.3184 
0.5807 
I .0967 
I .6 804 
1.9629 
2.0526 
SPLINE 4 
0.52 18 
0.7357 
0.8249 
0.8536 
0.8600 
0.0576 
0. I119 
0.1556 
0.1792 
0. I866 
0.0575 
0. I122 
0. I563 
0. 1802 
0. 1877 
f"(0, &) 
0.5829 
I .I769 
I .6775 
I .9751 
2.0745 
0.58 I7 
I .  1748 
I. 6822 
I .9678 
2.0587 
0.5807 
1 .  I781 
I .690S 
I. 9790 
2.0705 
T 
WITH UNIFORM 
HERMITE 4 
0.5228 
0.7369 
0.8235 
0.849 I 
0.8544 
0.0577 
0. B 120 
0.1557 
0.1792 
0.1866 
0.0575 
0. I122 
0.1563 
0.1817 
0.1877 
f"'(0, € ) 
3.5874 
I .I860 
1.7202 
2.0599 
2.1777 
0.5823 
I .  1762 
I .E828 
I .9675 
2.0581 
0.5807 
I 0780 
I .6900 
1.9970 
2.0707 
TABLE 
c 
0.09 
0.29 
0.59 
0.7 9 
0.84 
0.09 
0.29 
0.59 
0.7 9 
0.84 
5: f"(O) NON-SIMILAR BOUNDARY  LAYER 
BLOWING 
N 
- 
31 
81 
T 
0.4004 
0.2429 
0.0367 
0.0364 
0.0172 
6.8#1Ci4 
4.3 xlOgs 
2.7~ Id" 
0.4101 10.3859 
0.1866 
~ 
0.2192 
- .0065;10.0128 
0.361 0 0.0364 
0. I672 0.0172 
6.3 x Nf3 6.7~10~~ 
3.9 x ~ ~ - *  5.5x ~ ~ - 9  
2.4 x10 4.4 xl0"' -10 
0.5587 
0. I619 
0.0070 
0.3607 
0.1670 
6.4~16~ 
5.1 x l d 8  
4.0 x 16' 
1: 
WITH UNIFORM 
q::& ~ 
0.3865 10,36 I8 
0.0127 
~ 
0.1585 0.2185 
' 
8.8 x IOgs I. 7 xKf7 
' 0.0069 
0.0364 
0.0670 0.0172 
0.3607 
4.0 xIOmIo 4.4 xlO'l' 
5.lx IO-* 5 . 5 ~ 1 0 ~ ~  
6.4 x10 03. .7~1 ~
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s o l u t i o n  ( 2 7 )  g i v e s  a t  5 = 1.0 
u(O.1) = 0.1812 
o r  
u(1.0) = 0.8647 
Once a g a i n  t h e  s p l i n e  4 r e s u l t s  a r e  b e s t .  
D e t a i l e d   i n j e c t i o n   s o l u t i o n s   a r e  shown on Table 5. For  t h e   v e r y   f i n e   g r i d ,  
t he re  was no i n d i c a t i o n   o f   s e p a r a t i o n  as i n fe r red   i n   Re fe rence   (14 ) .   Th i s  
was t r u e   f o r   a l l   c l a c u l a t i o n s .  The shear  decreased  but  never  vanished. For the 
c o a r s e r  g r i d  t h e  f i n i t e - d i f f e r e n c e  s o l u t i o n  d i d  l e a d  t o  a s e p a r a t i o n  p o i n t ,  
bu t   he   po lynomia l   so lu t ions  s t i l l  d id   no t   separa te .   Th i s   behav io r   i s   a l so  
depic ted on F igure  (6b) .  The conclus ion  obta ined  f rom  these  resul ts   would 
appear t o  be t h a t  s e p a r a t i o n  does n o t  o c c u r  w i t h  u n i f o r m  i n j e c t i o n ;  i n s t e a d ,  
the  shear  decreases  asympto t ica l l y  to  zero  fo r  la rge  va lues  o f  5. 
4 .  Burgers  Equat ion - Since many r e s u l t s  have  been  obtained i n  e a r l i e r  
s tud ies  (49798)  o f  t he  non l i nea r  Bu rge rs  equa t ion ,  on l y  a b r i e f  d i s c u s s i o n  o f  
the   h igher -order   so lu t ions  i s  presented  here.  The g o v e r n i n g   d i f f e r e n t i a l  and 
sp l i ne  equa t ions  a re ,  respec t i ve l y ,  
u + (u - 0.5) uX = VIJ 
t xx 
and 
(u;+' - un) /At  + (un - 0.5) m j  = vM 
J j 
The boundary condi t ions are 
u, = 1.0 ; u = 0.0 N 
The boundary  condi t ions on m M. are  obta ined  f rom  (28)   and/or   the  sp l ine 
d e r i v a t i v e   r e l a t i o n s .  More d e t a i l s  on these  boundary  condi t ions  are  g iven  in  
References  (4),  (7) and (8) .  
j '  J 
T y p i c a l  s o l u t i o n s  a r e  shown on Tables 6 and 7 for  v = 1/8 and v = 1/16, 
respect ively.   In  both  cases  the  fourth-order  methods  represent  an  improvement 
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TABLE 6:  
SOLUTION OF BURGERS EQUATION, V =  l/8, Q =  1.0, 
EQUALLY SPACED POINTS 31 
N 
0 
- 0,2 
- 0.4 
- 0,6 
-0.8 
-1.0 
- 1.2 
- 1.4 
.- 1.6 
- 1.8 
E 0. 
0.5000 
0.6999 
0.8447 
0.9269 
0.9673 
0.9857 
0.9938 
0.9973 
0.9908 
0.9995 
SPLINE 2 
0.5000 
0.6860 
0.8290 
0.9160 
0.9620 
0,9830 
0.9930 
0.9 970 
0.9990 
0.9990 
HERMITE 4 
0.5000 
0.6903 
0.8322 
0.9169 . 
0.9608 
0.9820 
0.99 I8 
0.9963 
0.9983 
0.9993 
SPLINE 4 
0.5000 
0.6908 
0.8322 
0.9 170 
0.9609 
0.982 0 
0.9918 
0.9963 
0.9983 
0.9993 
r i EXACT !I 
0.5000,; 
'1 
! 
1 ,  
0.6900 
0.8320 
0.9 170 
0.9680 
0.3820 
0.9920 
0.9960 
0.99 80 
0.9990 
TABLE 7 :  
SOLUTION OF BURGERS  EQUATION, v = 1/16 Q 4.0 
19 EQUALLY SPACED POINTS 
0 
- 0.2 
- 0.4 
- 0.6 
- 0.8 
- 1.0 
- 1.2 
E 0. 
0.5000 
0.9000 
0.9878 
0.9986 
0.9998 
I .o 
I .o 
SPLINE 2 
0.5000 
0.8231 
0.9641 
0.9952 
0.9995 
0.9999 
1.0 
HERMITE 4 
0.5000 
0.8383 
0.9593 
0.9922 
0.998 I 
0.9997 
0.9999 
SPLINE 4 
0.5000 
0.8356 
0.96 I7 
0.9916 
0.9982 
0.9996 
0.9999 
EXACT 
0.5000 
0.8320 
0.9608 
0.9918 
0.9983 
0.9997 
0.9999 
over the second-order finite-difference and mixed-order spline 2 procedures; 
however, as with  the  previous examples, the spline 4 solutions are most ac- 
curate. Similar results were obtained with nonuniform grids"). As a  general 
rule of thumb, it was found  that  the spline 4 solutions required one-quarter the 
number of mesh  points of the finite-difference calculations in order to achieve 
equal accuracy; (e.g., with v = 1/8 and  x = - 0.4, u = 0.8351 with 101 points 
(finite-difference)  and u = 0.8356 with 27 poincs  (spline 4)). This fact  was 
discussed earlier for the similar suction  boundary  layer  and  will  be  demonstrated 
in more  detail in the following  section  describing the flow in a  driven  cavity. 
5. Incompressible  Flow in a  Cavity - As a final  test  problem the laminar 
incompressible flow in a driven cavity is considered.  This  problem  has  been 
studied  extensively by many  investigators, see Reference (15) .  The  governing 
equations in terms of a  vorticity and stream-function  system are: 
JIx, + +yy = c 
where J, is the-stream function, 5 is the  vorticity; u = J,y and v = - J, are the 
velocities in the x- and y-directions, respectively.  The  boundary  conditions 
and geometry are shown in Figure (7). 
X 
Solutions of (30) are obta 
ed 'in References (161 - (17). For 
of Buneman's  direct solver 
in non-divergence form are 
(18) 
ined with  a  predictor-corrector  procedure describ- 
the  Poisson  Equation (29) a  modified  version 
is  used. The spline approximations of (29, 30) 
5 
' J  
n+ 1 n+ 1 
At "j + uij (m. . I  + vi 
where and Lij denote the  polynomial approximations of ( ) and ( ) i j  Y  YY 
45 
FIG. 7 SCHEMATIC OF THE  DRIVEN 
CAVITY 
46 
respectively. The superscripts denote the  specific  function.  The spline 
boundary  conditions are obtained by satisfying (31) at  the  walls. The de- 
tails o f  this  procedure have been  previously  described in References (4), (7) 
and (8). 
Solutions  have been obtained  for a square.cavity with  Re = 100. A 17x17 
point  mesh  has bee'n considered. The results  are  shown in Tables 8 through 12 
and Figure (8). Table 8 compares  the  Hermite 4 and spline 4 solutions  with 
results  obtained in previous st~dies'~). The  maximum  value of the stream func- 
tion,  the  corner  point  velocity u and the  vorticity at  the mid-point of the 
upper  moving  wall are presented. I t  is significant that with a 17x17 mesh 
the spline 4 solutions  parallel  those  obtained  with a 57x57 point finite- 
difference discretization.  Moreover,  the  spline 4 results  are  very  close  to 
the  extrapolated  values as  projected  for  the  non-divergence  equations.  This 
behavior  carries over to the  velocity  profile  shown on Figure (8). The com- 
plete  computer  solutions are given on Tables (9 )  through (12). 
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TABLE 8:  COMPARISON OF RESULTS FOR THE SQUARE 
CAVITY, Re = 100 
(:;IIcuIu~ iol
Uct hod 
Splino 2 
Spl lnc  2 
EFtrapolatcd Spline 
F in i te  Dl f fe rcncc  
F in i te  Di f fe rence  
F in i te  Di f fe rence  
Extrapolated 
. Fini te   Di f fc rcnce  
F in i te  Di f fe rcnce  
HERMITE 4 
SPLINE 4 
IS  x I5 
29 x 29 
1s x 15 
57 x 57 
17 x 17 
65 x 65 
15x 15 
1 7 x  I f  
! ~ l v l r l p  ! i l l . ~ l l , ~ I ~  
c:untvr I'uinr 
Vor r l c l ty  
6.6876 
7.1376 
6.5376 
8.9160 
6.6960 
6.5480 
6.6091 
7.5755 
6.927 
6.6104 
I Divergence Form 
(a) Vor t i c i ty  a t  t he  cen te r  of the moving surface.  
' Calcula t icn  
Method 
Humbcr H a x i m u m  
of Points  S ream  Function 
Spl inc  2 
Spl inc  2 
Extrapolotcd Spline 
F in i tc  Di f fe rcnce  
F in i te  Di f fe rence  
F in i te  Di f fc rcncc  
Extrapolated 
f i n i t e  D i f f c r c n c e  
F in i te  Di f fc rencc  
29 x 29 -.lo432 
-.lo399 
57 x 57 
15 x 15 -.OB742 
-.lo128 
17 x 17 
65 x 65 
- -.lo220 - .09867 
-.lo318 
HERMITE 4 
I7 X 17 SPLINE 4 
15 x 15 -. 1014 
Divcrgcnce Form 
I 1 
(b) Maximum strem function. 
Calcula t ion  
Hc ti@- ___ 
Spl inc  2 
Spl ine  2 
Extrapolotcd Spllnc 
F i n i t e  Differcnce 
F i n i t e  Difference 
Extrapolated 
F in i te  Di f fc rencc  
FCnltc Diffcrrncc a* 
F i n i t c  I)iCfcrcncu * *  
( In tc rpola tcd)  
(Irltctr(mlaccclJ 
Numbcr 
-. 10036 15 x 15 29 x' 29 
a t  Comer' of Poin ts  
u Velocity 
.1)5?30 
57 x 57 
-. ogss1 
15 x 1s 
-.13230 
-.074SR 
-.Ob615 
- 
-
17 x 17 
- . U751rll 65 I 65 
.02079 
I HERMITE 4 15 x 15 -. 118 SPLINE 4 I 17 X 17 I -.086 
0. Divergence Forn I 
(c) Corner point u veloc i ty .  
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TABLE 9 
NON- DIVERGENCE FORM SPLINE 4 CALCULAT€O STREAM FUNCTJON 
FOR 17 X 17 POINTS, R e  = 100 
, 0 0 0 0  
.3125 -.9013 
.3750 - . o n 1 9  
,4375 -.0C?5 
.5000 -.00?1 
.5625 -.00?7 
. I  250 I .I81 5 3750 
.nono 
-.on11 
"( loa2 
-.UOcJU 
-,015s 
-.(;234 
-.11324 
-.tIL.Z2 
-.u521 
-.Ob11 
-.0736 
-. nh4b 
-. 0750 
"07.38 -. Oh60 -. 046.3 
.on00 
" 
4375 
. o o o o  
- . U O I J  
-.GO47 
- .6 lUL 
-.u174 -. 02h4 
-.04H2 
-. 0 3 6 H  
-. a 5 9 d  
- .07Uci  
- .07Y3 -. GHhY -. 086s 
-.ox30 
"0721 -. 0484 
. o n 0 0  
.5000 
.ucnb 
- . C t i l . C  
-.i13'+C? 
- . U l O h  
-.01PL 
-.u277 
-.03QO 
--.0517 -. 0649 -. 0 773 
- . n ~ 7 ~  -. 6 9 3 6  
-.oq50 
- . 0 9 0 L  
-.07hB 
-.Ob99 
.oooo  
85625 
.onno 
-.OOlJ - . 0 i )4'1 
-.u101 
- . I l l 7 5  
-.0271 
- .039'1 
"0521 -. 0 6 6 4  
- .OH02 
- . ( lob9 
- e  1 0 0 6  
-.0951 
-.Ob00 
-.0507 
.oooo 
-.OYlb 
6250 
.no00 
-.iJOlI 
- . U T r ~ O  
-.(IO44 
-.01'56 -. 0 2 4 4  
-.a355 
-.04hY -. 0 6 3 5  
-.07H2 
-e0910 
-.u997 
- e  1 0 2 3  -. 0 9 6 9  
-.0812 -. 0509 
.oooo 
6875 -7500 .8125 
.noou .uooo .oooo  
-.ou08 - .ooos - . b o o 2  
-.OW31 -.GUCU -.fJ0lU 
-.OUb9 - .OU47  -.0026 
- .o124 -.O087 -.irOSO 
-. l ) l99  -.0143 -.0085 
- e 0 4 1 8  -.031b - e 0 2 0 1  
-.1)237 -.O214 - . 0 1 3 4  
-.OS58 -.0437 -.O2R7 
-.0946 -.OH& -.0622 
-.OH44 -.07OY -.OS09 
-.0989 -.OH90 -.0708 
" 0 9 4 9  -.0878 ' -.0736 
-.0801 -.0758 -.C'h69 
-.05U2 1 -.04A2 - . 0448  .000u .ocoo .oooo 
875 0 
.0000 
- . oooo  
-.0003 
-.0019 
-.0021 
-.003t3 
-.00hl 
- . 0 @ 9 S  
-e0141 
-.0201 
- e 0 2 7 5  
-.03S8 
-.os00 
"0503 
-.0365 
.U003 
-.0+41 
9375 
. oooo  
.0000  
-.0000 
-.0002 
-.0904 
-.OOO& 
- .001s 
- .00?3 
- . 0 0 3 h  
- e 0 0 5 4  
-.007h 
-e0106 
-e0143 
-.01PB -. 0245 -. 0235 
e G O C 3  1 
TABLE IO 
NON-DIVERGENCE FORM SPLINE 4 CALCULATED U-VELOCITY 
FOR 17 X 17 
XI, .OS25 
0 1 .OD00 
. 0 6 2 5  - . O G 1 ! 1  
. 1815 
. 2 5 0 0  
-.Ut55 
-.ooPP .3125 
- . D o 7 4  
. 3 7 5 0  -*COY7 
. 4 3 7 5  -.01nu 
.5000 -*'I096 
. 5 6 2 5  
- .Or)P3 - 6 2 5 0  
- *OOPH 
. 6   8 7  5 -. 00"' 
-7500 -.0155 
.8 I 2 5  -.027R 
. 8 7 5 0  -.Ob69 
. 9 3 7 5  -.11FO 
1.0 1.orJoo 
. I 2 5 0  - e 0 0 3 3  
. I250 
.ocoi) 
-.OO% 
-.0199 
- .01?2 
-. 0 2 a 9  -. (!7Y4 
- . 0 3 7 4  
-.0374 
-.0373 
-.0?9Y -. 0772 -. 0272 
-.03'3 
-.cs13 -. Oh90 
.Oh11 
I .GGGO 
,1815 
.coo0 
-.0119 -. b?47  -. 0 367 
-.0474 
-.0559 
-.Gb13 -. Oh34 
"0613 -. 1-15513 
-.c4n4 
-.I7427 
-a0416 
-.0225 
.2149 
1.03co 
-. 0 4 q d  
POINTS, Re 400 
3 7 5 0  
.ooco  
-.0344 
-.0639 
-.()YO7 -. 1 1 5 1  -. 1365 
-.15s1 
-. 15?2 
-.1537 -. 13*3 
"(1577 
-.u050 . I J ~ U  I 
lV?7 
. *972 
1 . 0 0 0 0  
- . l o 1 4  
I 5 6 2 5  
.0000 -. 0384 
-.0710 
-.102b -. 1356 
-.lbYH 
-.r'U17 -. 2244 
-.?U65 
- .I546 
-.0757 . OZ59 
.1549 
. 3 3 d 9  
. b Z b l  
1.0000 
- . 2 ~ n 7  
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V .  HIGHER-ORDER TEMPORAL INTEGRATION 
From the   p reced ing   sec t ions  i t  i s  e v i d e n t  t h a t  h i g h e r - o r d e r  s p a t i a l  a c -  
curacy  can be ach ieved   by   us ing   po l ynomia l   i n te rpo la t i on .  However, i n   t hese  
ca lcu lat ions,   the  tempora l   accuracy i s  q u i t e  low; e i t h e r  f i r s t - o r d e r  f o r  a 
f u l l y  i m p l i c i t  scheme o r  second-order  for   the.Crank-Nicholson  method.  In 
o r d e r  t o  a c h i e v e  o v e r  a l l  f o u r t h  or  h igher-order  accuracy,  the tempora l  ac-  
curacy   shou ld   a lso  be  improved.  Var ious  mult i -step methods i n   c o n j u n c t i o n  
w i t h  5 p o i n t  f i n i t e - d i f f e r e n c e s  f o r  space  dimensions  have been proposed i n  
the  1 i t e r a t u r e  (19' 20). These'schemes are e x p l i c i t  and have severe stabi 1 i t y  
r e s t r i c t i o n  on the a1 lowable t ime-step. 
Some o f  t h e s e  e x p l i c i t  methods  can be d i rec t l y  ex tended  fo r  t he  p resen t  
s p l i n e   c o l l o c a t i o n   p r o c e d u r e s .  However, t h e r e   a r e  many drawbacks o f  such 
h i g h e r - o r d e r  t i m e  i n t e g r a t i o n  schemes when a p p l i e d  i n  c o n j u n c t i o n  w i t h  t h e  
spat ia l   sp l ine   p rocedures ;   e .g . ,  (1) t h e  s t a b i l i t y  r e s t r i c t i o n  on the   a l lowab le  
t ime-step i s  even  more r e s t r i c t i v e   t h a n   w i t h   f i n i t e - d i f f e r e n c e s ;  (2) due t o  
t h e  l a r g e  number o f  s p l i n e  c u r v e  f i t s  r e q u i r e d  a t  each t ime step,  the overa l l  
computat ional   t imes  increase.  For  example,   for  a fourth-order  Runge-Kutta 
method, a t  l e a s t  f o u r  c u r v e  f i t s  o f  each func t ion  per  t ime-s tep  must be 
eva lua ted  and s t o r e d .   I n   v i e w   o f   t h e s e   r e s t r i c t i o n s   o n l y   i m p l i c i t   h i g h e r -  
o rde r  methods a r e   i n v e s t i g a t e d   i n   t h e   p r e s e n t   s t u d y .  Some o f   t h e   r e s u l t i n g  
methods  can be found i n  t h e  l i t e r a t u r e  on n u m e r i c a l  s t u d i e s  o f  o r d i n a r y  d i f -  
f e r e n t i a l   e q u a t i o n s ( * ' ) .  One such  formulat ion has  been recen t l y   desc r ibed  by 
Watanabe  and Flood (") and leads  to  an o v e r a l l  f o u r t h - o r d e r  u n c o n d i t i o n a l l y  
s t a b l e  scheme. For the   f o l . l ow ing   ana lys i s   po l ynomia l   i n te rpo la t i on  i s  used t o  
d e r i v e  s e v e r a l  t i m e  i n t e g r a t i o n  p r o c e d u r e s  o f  t h i r d  and four th -order   accuracy .  
Al though no at tempt has  been made here  to  ex tend the  procedure  to  h igher -orders ,  
t he  method o f  d e r i v a t i o n  i s  q u i t e  g e n e r a l .  The u t i l i t y  o f  these  higher-order 
temporal  methods i s  counterbalanced by t h e i r  s e n s i t i v i t y  t o  i n i t i a l  c o n d i t i o n s ,  
p o s s i b l e  " s t a b i  l i t y "  l i m i t a t i o n s  and increased computer t ime and storage. 
A. Po lynomia l   I n te rpo la t i on  
1) 
on  the 
(2)  and 
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Crank-Nicholson Scheme - The 
i n t e r v a l  ti-, 5 t 5 t., s a t i s f  
I 
(3b). 
f o l l o w i n g   i n t e r p o l a t i o n   p o l y n o m i a l  S(T), 
i e s  t h e  t h r e e  c o n d i t i o n s  g i v e n  e a r l i e r  as 
n 
where 
and 
At = ti - t i - l  
Differentiating, we obtain 
At mi-l = S '  (T=O) = 2(u - u ) - At mi i i -1 
or 
u - u  i i - l  = 7 (mi + m 1 At i-1  
This is the  well-known  Crank-Nicholson  scheme  which is second-order  accurate 
and is unconditionally stable . (23 )  
i2) Third-Order  Accurate  Method - The follow 
(2) and (3): 
S ( T )  = u + T m + T~ [At (mi + m i-1  i -1 
ng cubic  polynomial  satisfies 
- 1  1 - 2(Ui - u i-1 11 
+ y3 [3(ui - u ) - At (mi +2mi-,)] i - 1  
AS specified,  the  polynomial is completely  determined by the values of the func- 
tion  and  its first derivative at two points i-1  and i ;  considering (32) on 
[ti-ls  ti+l 1 ,  we obtain at ti+l 
i+l - sui-, + 2At - 4ui + 4At mi 
"'i+l - 12ui-l + 5At mi-l - 12ui + At  m i 
From (33) other procedures can be developed; e.g., i f  we e l i m i n a t e  u., we 
o b t a i n  
I 
u - u  i+l i - 1  - 1 
3 A t  - - (mi-, + 4mi + mi+l) 
Equat ions (34)  and (35 )  a r e  t y p i c a i  of the  Adams-Bashforth  methods f o r  t i n e  
integrat ion  (see  Reference  2T).  I t  should be noted  that   both  o f   these  pro-  
cedures requi re one  more s torage locat ion than the Crank-Nicholson method. 
The s t a b i l i t y  of these and other  such schemes i s  d iscussed  in  Reference (21) .  
U n l i k e   t h e  C-N method, (34 )  and (35)  a r e   c o n d i t i o n a l l y   s t a b l e .  The temporal 
accuracy   o f   bo th  i s  O(At ) .  The c o e f f i c i e n t s   i n   t h e   p o l y n o m i a l  ( 3 2 )  can a l -  
50 be eva lua ted   t o   i nc lude   t he   va lues   a t   t h ree   node   po in ts  ( i - 1 ,  i, i+l). 
The r e s u l t s  a r e  unchanged. 
3 
3 . )  Fourth-Order Method - I f  the  cubic   po lynomia l   (32)   is   cons idered 
on [ i - 1 ,  i 1  and we e v a l u a t e   t h e   f u n c t i o n  and t h e  f i r s t  d e r i v a t i v e  a t  t h e  mid- 
p o i n t  t i-& = (ti-1 + t . ) / 2 ,  we f i n d  t h a t  
I 
and 
'i + ' i -1  A t  
U - i -4 2 - T ( m i  - m  1 i - 1  
Equations (36) and (37) c o n s t i t u t e  a two-step  procedure,   which has r e c e n t l y  
been  suggested  by Watanabe and F lood(22) .  Once aga in   t he   i nc rease   i n   s to rage  
i s  minimal and o n l y  one a d d i t i o n a l  c u r v e  f i t  i s  r e q u i r e d  a t  t h e  h a l f  t i m e  s t e p .  
The method  has  been shown t o  be u n c o n d i t i o n a l l y  s t a b l e  and o f  f o u r t h - o r d e r .  
accuracy  (see  Reference 22) .  Un fo r tuna te l y ,   t he re   a re   conve rgence   res t r i c t i ons  
a s s o c i a t e d  w i t h  t h e  r e q u i r e d  i t e r a t i v e  method o f  s o l u t i o n .  
(35) 
For  the  s implest   i terat ive  procedure,   where m. i s   t r e a t e d   e x p l i c i t l y ,  i t  1-4 
has  been shown i n  Reference (22) t ha t  t he  so lu t i on  converges  on ly  fo r  A t  = O(Ax ) .  
This  i s  q u i t e   r e s t r i c t i v e .  By u t i l i z i n g   s p e c i a l i z e d   i t e r a t i v e   p r o c e d u r e s ,   t h e  
method  has  been shown t o  converge  for  A t  = O ( A x ) .  In t h e   p r e s e n t   i n v e s t i g a t i o n  
a nove l   i t e ra t i ve   p rocedure  has  been  developed  f rom  the  polynomial   interpolat ion 
2 
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formula  (32). I f  we add  and s u b t r a c t  2(mi + m. ) to (36) and t r e a t  1-1 
[mi -i -(mi + m i -1 ) /2 ]exp l i c i t l y ,  t he  p rocedure  a l so  converges  fo r  A t  = O(Ax). 
(32) : 
The  use o f  t h i s  f a c t o r  i s  s u g g e s t e d  b y  t h e  f o l l o w i n g  r e l a t i o n ,  o b t a i n e d  f r o m  
m. + m. 
m. = 
I . 1 -1  A t  
1-3 2 - " (Mi - Mi-l ) 
where 
Mi = (utt) 
t= t i 
The p r e s e n t  i t e r a t i v e  p r o c e d u r e  i s  e q u i v a l e n t  t o  an e x p l i c i t  t r e a t m e n t  o f  t h e  
second d e r i v a t i v e s  i n  (38) and, t he re fo re ,  has  improved  convergence  and 
"s tab i  1 i t y "   p r o p e r t i e s .  
8.  Quadrature Methods 
An a l t e r n a t i v e  a p p r o a c h  t o  t h e  d e r i v a t i o n  o f  t h e s e  methods i s  t h rough  the  
use o f   quadra tures .   Le t  
u = f (Z,  u, VZ,  V 2 3  + 
t 
represent  a g e n e r a l   p a r t i a l   d i f f e r e n t i a l   e q u a t i o n .   I n t e g r a t i n g   o v e r   t h e   i n t e r v a l  
[ ti-, , ti] , we o b t a i n  
1 
u - u  i i - 1  
P o l y n o m i a l  i n t e r p o l a t i o n  i s  now used f o r  f .  
1 )  
Equat ion 
which i s  
L inear :  
f = f i  T + f (1-T) i -1 
(39) becomes 
u - u  i i - 1  fi + fi-, 
A t  
- 
2 
the C-N. formula.  
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3 f i  - 4 f i - ,  + fi-2 
Ut)  = 
i 2A t 
(39) now becmes 
which i s  the  Adams-Bashforth  formula. 
' 3 )  Quadra t i c :  
f = f. T + fi-l ( 1 - T )  + c T(1-T) 
I 
Therefore,  
A t  m f i  = ( f t )  = f i  - fi-l - c  
i 
A t  m f i - l  = ( f t )  = f i  - f i-, + C ,  where 
i - 1  
Vi th   (bo) ,   Equat ion  (39)  becomes 
and 
u ' U  i 
A t  
+ 4 f i -&  + f i )  
Since f i  = (ut) = rn and m f i  = ( u t t ) .  = M i ,  Equat ion   (41-a)   i s   exac t ly   the  
one g iven  in   (38) .   A lso  (41- 'b)   can be w r i t t e n  as: 
i i I 
- a -  'i + ' i - 1  A t  
a t  "i -4  2 + " (f i  - f i - 1 ) l  = 0 
or 
'i + ' i -1  A t  u =  i -3 2 - " (fi - fi,J 
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(41-a)  and  (42)  are  the  fourth-order  expressions  given  by Watanabe  and Flood 
and d e r i v e d  e a r l i e r .  
As model problems we have cons idered the  d i f fus ion  equat ion  descr ib ing  the  
i m p u l s i v e  m o t i o n  o f  a f l a t  p l a t e  ( R a y l e i g h )  and the nonl inear  Burgers equat ion 
d i s c u s s e d  e a r l i e r  
Rayleigh problem I 
U 
t 
T rans ien t   and   l a rge   t ime   so lu t i ons  have  been obta ined.  The 
S descr ibed by the  fo l low ing  equat ions  
= vu 
YY ' 
w i t h  boundary condi t ions 
u(t,O) = 1 , u(t , - )  = 0 
and i n i t i a l   c o n d i t i o n  
- e  U(0,Y) = 0 
The e x a c t  s o l u t i o n  i s  
u ( t , y )  = e r f c  - 
2 6  
Y 
Typ ica l   so lu t ions   fo r   the   Ray le igh   p rob lem  a re   p resented   in   Tab les  1 3  through 
17. Due t o   t h e   l a r g e   g r a d i e n t s  found f o r  s m a l l  t imes,   the  h igher-order  methods 
do n o t   l e a d   t o  a s i g n i f i c a n t  improvement i n   a c c u r a c y ;   i n   f a c t ,   a t   c e r t a i n   t i m e s ,  
t he   l ower -o rde r   so lu t i ons   a re   i n   be t te r   ag reemen t   w i th   t he   ana ly t i c   va lues .  I f  
the  exac t  va lues  are  used  as i n i t i a l  c o n d i t i o n s  a t  t = 1.0, t h e  l a r g e  g r a d i e n t s  
are  avoided and t h e   r e s u l t s   a r e  shown on  Tables  14, 15 and  16.  For  small A t ,  i t  i s  
d i f f i c u l t  t o  d i s c e r n  any d i f fe rence  w i th   the   var ious   methods .  For  l a r g e r  A t  
values, some improvement  can  be  observed;  however,  as A t  i s  f u r t h e r  i n c r e a s e d  
the  h igher-order   methods  exhib i t  some form o f  i n s t a b i l i t y .  Fo r   t he   t h i rd -o rde r  
method t h i s   ' i s   a p p a r e n t l y   t h e   n u m e r i c a l   i n s t a b i l i t y   d i s c u s s e d   e a r l i e r .   F o r  
t h e  f o u r t h - o r d e r  m e t h o d ,  t h e  d i f f i c u l t y  i s  a s s o c i a t e d  w i t h  t h e  i t e r a t i v e  method 
o f  s o l u t i o n .   F i n a l l y ,   o n   T a b l e  17 l a r g e   t i m e   s o l u t i o n s   a r e  shown. No s i g n i f i -  
cant  conc lus ion can be  drawn w i t h  r e s p e c t  t o  t h e  a d v a n t a g e  o f  t h e  h i g h e r - o r d e r  
methods.   For   the  Burgers  equat ion  s imi lar   behavior  was found;  moreover,  there 
was n o  s i g n i f i c a n t  r e d u c t i o n  i n  t h e  number o f ' s t e p s  r e q u i r e d  t o  a t t a i n  t h e  
steady  state.   General ly  speaking,  for   the  examples  considered  here,   there was 
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14: RAYLEIGH PROBLEM 
I 
.o 
,I ! O * '  : 1.00000E-01 
2o00000E-01 
' 3.00000E-01 
5.00000E-01 
6.00000E-01 
4~00000€-01 
7o00000E-01 
8.00000E-01 
9.00000E-01 
1.00000E+00 
0.4 
0.6 
- 
00 
1.00000E-01 
2.00000E-01 
3.00000E-01 
4.00300E-01 
5.00000E-01 
6.00000€-01 
7.00000E-01 
8.00000E-01 
9.00000E-01 
1.00000E+00 
.D 
1.00000E-01 
2.00000E-01 
3m00000E-OI 
4,00000E-01 
5.00000E-01 
6.00000E-01 
7*00000E-01 
8.00000E-01 
9.OOOOOE-01 
1~00000E+00 
1' 
" 
1.00n00~+00 
7.86a42~-01 
5.8H706E-01 
4.17469E-01 
2.79R64E-01 
1.77012E-01 
1.05478E-01 
Sa91578E-02 
3.12138E-02 
1.54937~-n2 
7.23R34E-03 
1.00000~+00 
8009765E-01 
6.30337E-01 
4.70661E-01 
2.3020RE-01 
3.36556E-01 
1.50519E-01 
9.40487E-C2 
5.61632E-02 
3.20700E-02 
1.75247E-02 
1.00000~+00 
8.21629E-01 
6052203E-01 
4.99300E-01 
3.6815hE-01 
2.61207E-01 
1.78226E-01 
1.16920E-01 
7.37519E-02 
4~47490E-02 
2.61333E-02 
4th ORDER 
1*00000E+00 
7.87405E-01 
S.89641E-01 
4.1R494E-01 
2.80714E-01 
1.77530E-01 
1.05645E-01 
5.90573E-02 
3,0970hE-02 
1.52186E-02 
7.00062E-03 
1.00000E+00 
8.11071E-01 
6.32589E-01 
4.73294E-01 
3.38983E-01 
2a31999E-01 
1.51493E-01 
9.42623E-02 
5.58265E-02 
3.14417E-02 
1.6A261E-02 
I.O0000E+00 
8~23064E-01 
6.54724E-01 
5.02339E-01 
3.71097E-01 
2.63555E-01 
1.79713E-01 
1.17523E-01 
7.36359E-02 
4.41689E-02 
2.53455E-02 
1' EXACT 
-I- 
1*00000E*00 
7.87406E-01 
5.89638E-01 
4.18492E-01 
2.80713E-01 
1.77530E-01 
1.05645E-01 
5.9058SE-02 
3.09716E-02 
1.52192E-02 
7.00069E-03 
1.00000E+00 
8.11070E-01 
6.32585E-01 
4.732906-01 
3.38980E-01 
2,.31998E-01 
1.51494E-01 
9'.42643E-02 
5.5823SE-02 
3.14439E-02 
1.68274E-02 
1.00000E+O( 
8.23063E-01 
6.54721E-03 
5.02335E-03 
3.71094E-03 
2.63552E-01 
1.79712E-01 
1.17525E-01 
7.36384E-02 
4.41716E-02 
2.53475E-02 
l b  
TABLE 15: RAYLEGH PROBLEM t&O, ~ t = 0 . 4  
I Y 
t =0.4 
00 
1.00000E-01 
2~OCOOOE-01 
3.00000E-01 
4oOC300E-01 
S.00000E-01 
6.OOOOOE.-Ol 
7.00000E-01 
8.00000E-01 
9.00000E-01 
1~00000E*00 
t = 1.2 
00 
1.00000E-01 
2.000O.OE-01 
3.00000E-OI 
4.00000E-01 
6.00000E-01 
7.00000E-01 
8.00000E-01 
9.00000E-01 
5m00000E-01 
, 1 ~ 0 0 0 0 0 E * 0 0  
1st ORDER I C - N  
1.00000E*00 
6 ~ 0 6 7 0 1 E ~ 0 1  
6.24995E-01 
4.64329E-01 
3.3058SE-01 
2.25417E-01 
1.47779E-01 
9030980E-02 
5.65815E-02 
3033039E-02 
1.90706E-02 
1.00000E+00 
8.11819E-Oi 
6.3378hE-01 
4.74hBPE-01 
3i39792E-01 
2.32255E-01 
1.51275E-01 
9.37J’?03E-02 
S m S 5 1 0 7 E - 0 2  
J . ~ O ~ ~ R E - O Z  
1.66016E-02 
1.00000E+00 
8.43748E-01 
6093796E-01 
Sm55627E-01 
4033302E-01 
3m29126E-01 
2.43h57E-01 
1075983E-01 
lm24163E-01 
8.57025E-02 
5.79671E-02 
3 r d  ORDER I 4 i h  ORDER 
1.00000E*00 
8.11062E-01 
6m3246RE-01 
4.73384E-01 
3.38872E-01 
i 2.32093E-01 
’ 9.43083E-02 1 1m51447E-01 
5m58098E-02 
3.14501E-02 
~ 1.68168E-02 
UNSTABLE 
EX ACT 
1.30000~+OD 
8.11070E-01 
6.3258SE-01 
4.73290E-01 
3.38980E-01 
2.31998E-01 
1.51494E-01 
9.42643E-02 
5.58295E-02 
3.14439E-02 
1.68274E-02 
~1.00000E+00 
8.48767E-01 
, 7.02917E-01 
5.6726YE-01 
4.45601E-01 
3040356E-01. 
’ 2.52559E-01 
1.81926E-01 
1 . 27 124E-0 1. 
8.6119SE-02 
5.65305E-02 
I -  
TABLE 16: RAYLEIGH PROBLEM to = 1.0, A# =0.8 
I 
t '  
~ 
0.8 
2.4 
Y 
0 0  
1.00900E-01 
2.00009E-01 
3.009SOE-51 
4.00000E-01 
5.00COOE-bl 
6.000C9E-31 
7.00CCCE-31 
8.00Q0CE-GI 
9.00000E-01 
1 00@00~+00. 
0 0  
1.00000E-Gi 
2.00COOE-01 
3.0030CE-01 
4.00030E-01 
5.OOOOCE-01 
6.0000CE-SI 
7.00?90E-01 
8.009COE-01 
9.00030E-01 
1.00?00E+tJU 
C - N  3 rd ORDER 
1.00000E+00 
a . m 0 ~ 9 ~ - 0 1  
7.540066-01 
6.45388E-01 
.5 .39498E-01 
4.43103E-01 
3.57386E-01 
2.82934E-01 
2.1976tiE-01 
1.67421E-01 
1.25047E-01 I 
I 
TABLE 17: RAYLEIGH PROBLEM A t  = 0.1, t.24.9 
l y  I C - N  I 3rd ORDER 1 EXACT 1 
0. 
.10000E+00 
- .  . 3 0 0 0 o E t 0 0  
" . 5 0 0 0 o E t 0 0  
" . 2 o o ~ o E T ~ o -  
.uooook too -  
.b0000Et00-  
-. * 7 0 0 0 0 E t 0 0  
.80OOOEt.O0- 
" . 9 0 0 0 0 E t 0 0 ,  
. 1 0 0 0 0 E t 0 1  
e 1 0 0 0 0 E t O l  - ,95476E+@0 
, 9 0 9 6 7 E t 0 0  
,86486Et00 
o 8 2 0 4 9 E t 0 0  
-e77668Et00  
, 7 3 3 5 7 E t 0 0  
- . h 9 1 2 A € t 0 0  
. 6 4 9 9 3 t t 0 0  
o b 0 9 6 3 E t 0 0  , ,570U7FtOO 
1.00000E*00 
9.54769E-01 
9.09682E-01 
8.64A84E-01 
8.20516E-01 
7.76714E-01 
7.33609E-01 
6.91326E-01 
6.499b3E-01 
6.09686E-01 
5.70536E-01 
r l O O O O E + O 1  
-9.. 9 5 U 8 0 € + 0 0 -  
e 9 0 9 7 4 E t 0 0  
-9 864976+00-  
eBi!06Uk+O0 
- * 7 7 6 8 6 t + O O  
e 7 3 3 7 9 E t 0 0  
- ,69153€+00_ 
o 6 5 0 2 2 E + 0 0  
-*60995EtOO- 
e F ; 7 0 8 U E t 0 0  
no r e a l  advantage of  the  higher-order  techniques.  Further  study may resolve 
some o f  t h e  d i f f i c u l t i e s  found  here. 
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P o l y n o m i a l  s p l i n e  i n t e r p o l a t i o n  has  been  used to  deve lop  a v a r i e t y  o f  
h i g h e r - o r d e r   c o l l o c a t i o n  methods.   Only   those  po lynomia ls   resul t ing  in  t r i -  
d iagonal ,  or a t  w o r s t  3x3 b lock - t r i d iagona l ,  ma t r i x  sys tems  have  been evalu-  
ated. The gove rn ing   sys tems   a re   ob ta ined   d i rec t l y   i n   t e rms   o f   t he   f unc t i ona l  
v a l u e s  a n d  c e r t a i n  d e r i v a t i v e s  o f  t h e  f u n c t i o n a l  v a l u e s  a t  t h e  s p e c i f i e d  n o d a l  
p o i n t s .  The development i s  g e n e r a l l y  g i v e n  f o r  a nonuni form mesh, fo r   wh ich  
a h igh degree of  accuracy i s  maintained. 
, 
R e c e n t l y  f o r  a un i fo rm mesh a s o - c a l l e d  Pade, compact,  Mehrstel lung or  
H e r m i t i a n  f i n i t e - d i f f e r e n c e  p r o c e d u r e ,  w h i c h  i s  3x3 b l o c k - t r i d i a g o n a l ,  has 
been proposed. I t  i s  shown t h a t   t h i s   f o r m u l a t i o n  i s  a h y b r i d  method r e s u l t -  
ing   f rom  two  d i f fe ren t   po lynomia l   sp l ines .  However, the Pade approximat ion 
i s  d e r i v e d  f r o m  a f i v e - p o i n t  d i s c r e t i z a t i o n  f o r m u l a e  and might be d i f f i c u l t  
t o  e x t e n d  to nonuniform mesh systems.  The h y b r i d  s p l i n e  r e s u l t s  a p p l y  to 
v a r i a b l e  meshes. A lso,   the compact  system o f   e q u a t i o n s  does no t   i nc lude  
c e r t a i n  s i m p l e  r e l a t i o n s  between  the f i r s t  and  second der iva t ive  approx ima-  
t i o n s  t h a t  a r e  o b t a i n e d  f r o m  t h e  p o l y n o m i a l  s p l i n e  i n t e r p o l a t i o n  f o r m u l a .  
These r e l a t i o n s  a r e  u s e f u l  f o r  r e d u c i n g  t h e  s i z e  o f  t h e  m a t r i x  s y s t e m  and 
thereby  the  computer   t ime;   in   cer ta in   instances,   boundary  condi t ions  can 
more e a s i l y  be s a t i s f i e d  w i t h  t h e s e  e q u a t i o n s .  
> 
He rm i t i an   po l ynomia l   i n te rpo la t i on  has been considered  by  Peters and i t  
i s  shown h e r e i n  t h a t  t h e  compact d i f f e renc ing  sys tem i s  d e r i v a b l e  w i t h  t h i s  
procedure. On t h e   o t h e r  hand, Peters  i s  a b l e  to d e r i v e  a t r i d i a g o n a l   m a t r i x  
sys tem  invo lv ing   on ly   the   func t iona l   noda l   va lues  u This   would  appear   to  
be a s i g n i f i c a n t  improvement  over  the 3x3  compact  system.  However,  the f i n a l  
system  appears t o  be i n c o n s i s t e n t ,  w i t h  an a t tendan t  l oss  o f  accu racy .  
j' 
F i n a l l y ,  f rom three-point  Tay lor  ser ies expansions and H e r m i t i a n  d i s c r e t i -  
z a t i o n  o f  t h e  f u n c t i o n a l s  and t h e i r  d e r i v a t i v e s  a t  t h e  n o d a l  p o i n t s ,  a n  a l t e r -  
n a t e  d e r i v a t i o n  o f  t h e  compact d i f f e r e n c i n g  scheme i s  presented. A s  o n l y   t h r e e  
noda l   po in ts   a re   cons idered  here ,   th is   p rocedure  i s  l ess  cumbersome than  the 
Pad; fo rmula t ion  and has been considered for nonuniform meshes  and t o  d e v e l o p  
systems w i t h  e v e n   h i g h e r - o r d e r   t r u n c a t i o n   e r r o r s .   S i g n i f i c a n t l y ,   a l l   o f   t h e  
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po lynomia l   sp l ine   b lock- t r id iagona l   sys tems  can he recove red   w i th   t h i s   f o rmu la -  
t ion.  Moreover, a s i x th -o rde r   (hyb r id   po l ynomia l  sp: ine)  3x3 b l o c k - t r i d i a g o n a l  
scheme has  been devised.  There does no t   appear   to  be  any pa r t i cu la r  advan tage  
of t h e  p o l y n o m i a l  s p l i n e  f o r m u l a t i o n  o v e r  t h e  H e r m i t i a n  d i s c r e t i z a t i o n  d e r i v a -  
t ion. 
The t r u n c a t i o n  e r r o r s  o f  a l l  t h e  p r o c e d u r e s  a r e  p r e s e n t e d  i n  t a b u l a r  form, 
and r e s u l t s  a r e  shown f o r  a var ie ty  o f  v iscous  f low prob lems.  O f  t h e  f o u r t h -  
o rder   methods ,   sp l ine  4(7'8) has   t he   sma l les t   t runca t ion   e r ro r .  From the   so lu -  
t i o n s  t o  t h e  model  problems,  the  increase i n  accuracy  w i th  decrease in  t runca-  
t i o n  e r r o r  i s  a p p a r e n t .  The s i x th -o rde r   Herm i te   f o rmu la t i on   l eads   t o   ex t rao rd i -  
nary   accuracy   even  w i th   very   coarse   g r ids .  An impor tan t   conc lus ion   o f   the   p re-  
sent  s tudy i s  t h a t  f o r  e q u a l  a c c u r a c y  t h e  s p l i n e  4 procedure requi res one- 
f o u r t h  as many p o i n t s  as  a f i n i , t e - d i  
pu te r  t ime  and storage. 
F i n a l l y ,   p o l y n o m i a l   i n t e r p o l a t i  
f f e rence   ca l cu la t i on .   Th i s  means 1 
on  has  been  used to  deve lop  h ighe r -  
i m p l i c i t  t e m p o r a l  i n t e g r a t i o n  schemes, which  have 
by Herm i te   co l l oca t i on .  The present   fo rmula t ion  1 
o f  t h e s e  methods,  which are not  obta ined wi th  the 
t ime-asympto t ic   (s teady   s ta te )   ca lcu la t ions   there  
advantage o f   these  h igher -order   methods .  For  t r a n  
ess com- 
o rde r  
p r e v i o u s l y  been developed 
eads t o  a d d i t i o n a l  f e a t u r e s  
Hermi te  procedures.   For 
does no t  appear  to  be  any 
s ien t  ana lyses ,  t he re  a re  
l ' s tab i l i t y "   l im i ta t i ons   no t   f ound   w i th   t he   l ower -o rde r   t echn iques ,  and the 
i n t e g r a t i o n   i s   s e n s i t i v e   t o   s m a l l   e r r o r s   i n   t h e   i n i t i a l   c o n d i t i o n s .   T h e r e f o r e ,  
f o r  t h e  examples considered herein,  the advantages associated with higher-  
o r d e r  t i m e  i n t e g r a t i o n  a r e  m i n i m a l .  
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